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Abstract
In this last decade, an important stochastic model emerged: the Brownian map. It is the limit
of various models of random combinatorial maps after rescaling: it is a random metric space with
Hausdorff dimension 4, almost surely homeomorphic to the 2-sphere, and possesses some deep connec-
tions with Liouville quantum gravity in 2D. In this paper, we present a sequence of random objects
that we call Dth-random feuilletages (denoted by r[D]), indexed by a parameter D ≥ 0 and which
are candidate to play the role of the Brownian map in dimension D. The construction relies on some
objects that we name iterated Brownian snakes, which are branching analogues of iterated Brownian
motions, and which are moreover limits of iterated discrete snakes. In the planar D = 2 case, the
family of discrete snakes considered coincides with some family of (random) labeled trees known to
encode planar quadrangulations.
Iterating snakes provides a sequence of random trees (t(j), j ≥ 1). The Dth-random feuilletage r[D]
is built using (t(1), · · · , t(D)): r[0] is a deterministic circle, r[1] is Aldous’ continuum random tree, r[2]
is the Brownian map, and somehow, r[D] is obtained by quotienting t(D) by r[D − 1].
A discrete counterpart to r[D] is introduced and called the Dth random discrete feuilletage with
n + D nodes (Rn[D]). The proof of the convergence of Rn[D] to r[D] after appropriate rescaling in
some functional space is provided (however, the convergence obtained is too weak to imply the Gromov-
Hausdorff convergence). An upper bound on the diameter of Rn[D] is n
1/2D . Some elements allowing
to conjecture that the Hausdorff dimension of r[D] is 2D are given.
Acknowledgements: This works has been partially supported by ANR GRAAL (ANR-14-CE25-0014). LL
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1 Introduction
1.1 Presentation of the main objects
The question at the origin of this paper is the following: are there any random continuous objects
likely to play the role of the “Brownian map” in higher dimensions?
The question is probably ill posed since it may not be so clear what the dimension of the Brownian
map is: on the one hand it is indeed a.s. homeomorphic to the 2-sphere (Le Gall & Paulin [56]), and on the
other hand, by Le Gall [52, Theo. 6.1], it has Hausdorff dimension 4... and due to its huge fluctuations,
it is likely not possible1 to embed it isometrically in (RD, ‖.‖2) for any finite D.
Fixing the topological dimension as the base of our considerations, we are not aware of any family
of combinatorial objects that would be the right candidates to play the role, in dimension D > 2, of
the combinatorial maps which provide, in the D = 2 case, the Brownian map as a scaling limit. To
our knowledge, the previous attempts, in a theoretical-physics context, either led to Aldous’ continuous
random tree, to the Brownian map2, or to a crumpled phase with “infinite Hausdorff dimension”3 [6,
76, 44]. We propose the construction, for every integer D ≥ 1, of a continuous random object which we
call the Dth random feuilletage (r[D]). By construction, r[D] will appear as the limit (for a topology
discussed further) of a discrete analogue, which we call Dth random discrete feuilletage Rn[D], when a
size parameter n goes to +∞. The latter can be viewed as obtained by D−2 series of foldings of a random
discrete surface. The sequence (r[D], D ≥ 1) is encoded and built thanks to another new sequence of
objects (bs[D], D ≥ 1): the Dth Brownian snake bs[D] is – mutatis mutandis – a branching analogue of
the Dth iterated Brownian motion. The first Brownian snake, bs[1], is the usual Brownian snake with
lifetime process the normalized Brownian excursion e. The Dth Brownian snake appears as the limit of
a discrete counterpart after some appropriate normalizations, which we call Dth random discrete snake
BSn[D] (and bsn[D] for the normalized version).
By construction, r[0] can be thought to be a deterministic cycle, r[1] and r[2] will respectively be seen
to coincide with Aldous’ continuum random tree and with the Brownian map, and for D ≥ 3, we think
that r[D] is a candidate to play the role of the Brownian map “in dimension D”.
What are these objects? The complete and rigorous construction will take pages, but let us try to
provide some insights on this construction. First, some words about the terminology: “feuilletage” is a
french word.
 It is the french word for “foliation”, which is a mathematical term used in differential geometry to
denote some equivalence relation on manifolds: depending on the context, the equivalence classes (the
leaves) correspond to parts of the initial manifold; they are themselves equivalent to some “regular”
spaces.
 In the “art franc¸ais de la patisserie” (french art of pastry cooking), le feuilletage or la paˆte feuillete´e
1On RD, the largest tuple of points (x1, · · · , xk) such that i 6= j ⇒ d(xi, xj) = 1 is bounded by (D + 1) when it is not
the case on maps.
2This is very likely the case for certain simple models of random 4-dimensional triangulations when using the distance
on the dual graph [11, 58], and is conjectured for another model of random 3-dimensional triangulations using the distance
in the triangulation.
3More precisely, this last case corresponds to families of random D-dimensional triangulations whose diameter is
a.s. bounded when the number of simplices goes to infinity, for which a scaling limit cannot be defined.
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is the name for the puff pastry dough, which is the main ingredient of many sweet or salted pastries,
as mille-feuille, galette des rois, bouche´e a` la reine, paˆte´ lorrain, ... and even croissants (with some
adjustments). The dough is obtained by placing some butter (6 mm thick say) on half a simple dough
composed by flour, water and salt, shaped in a rectangular form (20 cm ×40 cm, thick 5 mm say). Then,
the dough is folded to cover the butter, and flattened into its initial shape R. It is then folded again,
flattened, folded, flattened... Each time, the number of layers of butter is multiplied by 2. The pastry
chef stops his/her work when the number of layers 2n is large enough: 128 for example. After cooking, if
this difficult recipe is well done, the layers are separated: we get the “feuilletage”.
The construction we will propose is similar to this feuilletage, of course, up to the ingredients and to the
precise gestures of the cook... thus our choice of naming.
In the following paragraphs, we often omit some precisions, such as how the different objects involved
are rooted for instance. The precise definitions of the various objects will be given in Sec. 2 for the
continuous objects, and Sec. 3 and 6 for the discrete objects.
 We start by discussing the content of Fig. 1, in which a well known and simple bijection is sketched: a
planar tree having n edges and then 2n corners (say, rooted at a corner 0) can be encoded by a non-crossing
partition4 on {0, · · · , 2n− 1}. The integers correspond to the corners of the tree when one turns around
starting at 0, and then the partition is a way to present together the different corners of each node. As
0
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Figure 1: A planar tree with 6 nodes and then 10 corners, seen as a folded circle. The corresponding parts
of the non-crossing partitions are {0}, {1, 3, 5, 9}, {2}, {6, 8}, {7}.
may be seen in Fig. 1, this bijection can be used to present a tree as a circle folded multiple times: these
foldings are encoded by the non-crossing partition on a finite subset of the (continuous) circle (or on the
discrete circle with 2n points). Through this bijection, trees and non-crossing partitions are essentially
the same combinatorial objects. For the sake of studying asymptotics of trees, one usually prefers to use
contour processes instead of non-crossing partitions (Fig. 2), since it allows gaining access to the toolbox
of usual linear stochastic processes. It is now folklore that the contour process can be glued from below
to recover the tree (Fig. 2), so that the two points of view of Fig. 1 and Fig. 2 are equivalent.
 Let us now focus on Fig. 3, which is the analogue of Fig. 1, when the initial object is a tree instead of a
circle. In this case, a tree is folded multiple times according to a non-crossing partition on its corners (for
a corner numeration obtained by turning around it). Again, it is now classical that such a construction
can be done on the plane by avoiding edge-crossings: the resulting object is a planar map (see Fig. 3).
4We use encodings of planar trees by non-crossing partitions whose Kreweras complements are matchings (disjoint sets
encode all the vertices of the tree). For more details, see the end of Sec. 6.1.3
4
1Figure 2: A planar tree and its contour process.
Figure 3: A planar tree equipped with a non-crossing partition on (some corners) of its vertices. The
identification of the corners of the tree belonging to the same part allows constructing a map.
The converse is also true: it is possible to unplug the edges of any planar map in any order, until there
are no more cycles, while preserving the connectedness. The resulting map is a tree, and keeping track
of the ancient connections can be done thanks to a non-crossing partition on the corners of that tree.
Hence, proper foldings of a tree, that is, two series of foldings of a circle, allow constructing a map.
This point of view is powerful and at the origin of the first definition of the Brownian map [63]: the
non-crossing partition encodes a tree T
(1)
n (right of Fig. 4), and together with the initial tree T
(2)
n , we
have two objects that in turn can be encoded by linear processes. In Fig. 4, the black tree is T
(1)
n , the
blue tree T
(2)
n : the nodes of the tree T
(2)
n are “glued” in the corners of T
(1)
n . Starting from a uniform
Figure 4: Identification of the non-crossing partition with a tree.
planar quadrangulation with n faces, it is possible to construct the random tree T
(1)
n (the non-crossing
partition) as well as the random tree T
(2)
n (which contains all the edges of the map) using a bijection which
allows controlling the distributions of (T
(1)
n ,T
(2)
n ): T
(1)
n is uniform in the set of rooted planar trees with
n edges5, T
(2)
n has 2n edges; the standard diameter of T
(1)
n is
√
n and that of T
(2)
n is n1/4 (see [63] for the
representation of quadrangulations with (T
(1)
n ,T
(2)
n ), construction relying on the Cori-Vauquelin-Schaeffer
5More precisely, this is the case when starting from a uniform rooted pointed quadrangulation with n faces.
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[26, 75] correspondence).
 We presented a tree and a map respectively as foldings of a circle and foldings of a tree: this will
lead, up to some details (roots, sizes, degree of faces, etc), to the two first discrete random feuilletages
Rn[1] and Rn[2]. Moreover, Rn[0] can be considered to be the initial circle Z/2nZ. To build the sequence
(Rn[D], D ≥ 3), we will fold again and again: the Dth object will be constructed by a series of foldings of
the (D− 1)th one, using an exterior source of randomness which will be a random non-crossing partition
of the (nodes) corners of the (D − 1)th object. To be more precise, it is worth mentioning that we will
rather use the (D − 1)th feuilletage to fold a tree, even if at the level of this preliminary presentation,
these two ways of doing appear similar.
In order to iterate the construction, a single possibility appears to resist all the requirements. Let
us get a glimpse of a 3-discrete feuilletage Rn[3] (a deterministic combinatorial object in the support
of Rn[3]): it is obtained by a series of foldings of a planar quadrangulation, using an additional “non-
crossing” partition on its vertices. More precisely, the idea is to take three trees (T
(1)
n , T
(2)
n , T
(3)
n ), with
respectively n, 2n and 4n edges. The tree T
(3)
n will contain all the edges of Rn[3], T
(2)
n will encode a
non-crossing partition on T
(3)
n , and T
(1)
n a non-crossing partition on T
(2)
n . Hence, folded by T
(2)
n , the
pair (T
(2)
n , T
(3)
n ) forms a planar quadrangulation Q
(2,3)
n , and the additional foldings of the nodes of T
(2)
n
by the tree T
(1)
n (or the equivalent non-crossing partition) forms Rn[3]. Notice that the set of nodes of
the quadrangulation Q
(2,3)
n coincides with the nodes of T
(2)
n , so that identifying the nodes of T
(2)
n (using
T
(1)
n ) provides an important number of additional identifications: the number of nodes in Rn[3] roughly
coincides with those of T
(1)
n , and then represents half the nodes of Q
(2,3)
n . This construction gives us
access to the toolbox of stochastic processes, required for considering the asymptotics of these objects.
Of course, in view of Fig. 5, the obtained structure is not planar, because the foldings of Q
(2,3)
n using T
(1)
n
Figure 5: A planar map constructed from two trees T (1)n and T
(2)
n . On the second picture, an additional
non-crossing partition is added on the nodes (corners) of T
(1)
n . For our construction, the “green partition”
will be encoded by the tree T ′(1)n , the pink one, corresponding to the black tree, will be the tree T
′(2)
n , and
the blue tree, the one whose edges remain finally, is the tree T ′(3)n .
create a linear number of additional node identifications.
To produce the subsequent Rn[D] for D ≥ 3, we will just take a sequence of trees (T (1)n , T (2)n , . . . , T (D)n ),
where T
(i)
n will have 2i−1n edges, and proceed to the identification of the nodes of T
(D)
n : for any j < D, the
tree T
(j)
n is used to identify the corners of T
(j+1)
n (as do non-crossing partitions), producing D successive
series of foldings of the vertices of T
(D)
n starting from the circle. This allows identifying the nodes of the
obtained object Rn[D] as those of T
(1)
n (roughly), and the edges of Rn[D] as those of T
(D)
n .
 An issue in the construction sketched above, is to define a distribution on the set of objects under
6
investigation for which the main characteristics of interest are tractable. We propose a construction for
which the natural scalings6 of the random trees T
(1)
n ,T
(2)
n , . . . ,T
(D)
n are respectively n1/2, n1/4, · · · , n1/2D .
We think that this iterative construction of trees is interesting on its own: it is somewhat similar to the
construction of the iterated Brownian motions.
Take a uniform rooted planar tree T
(1)
n with n edges, and use this tree as the underlying tree of a
branching random walk with increments uniform in {0, 1,−1}. That is, conditionally on T(1)n = T some
fixed planar tree, equip each node u of T (different from the root) with a random variable Xu uniform
in {0, 1,−1}. A labeling of each node u is then obtained by summing the variables on the path from the
root to u. On each branch, the labeling forms a random walk which starts at the label 0 of the root (see
A
AA
A
B
B
B
B
C
C
C
C
D
D
D
D
E E
E
F
F
F
GG
G
H
H
H
II
I
JJ
J
J
0
0
1 −1 −1
−2 a
Figure 6: Definition of a new tree with the labels of a labeled tree. To a labeled tree (upper left) is associated
a label sequence (upper right), and the conjugated labeled sequence (bottom left) is the height sequence of
a new tree (bottom right).
Fig. 6). To construct a second tree T
(2)
n from this labeling (see [26, 75, 63]), walk around the tree as done
in Fig. 6, and record the successive labels encountered (one per corner); we get the so-called label process
L
(1)
n (second picture in Fig. 6). Register a = min argmin L
(1)
n , the first time the label process reaches its
minimum (dotted lines on the second picture). Now, on the third picture of Fig. 6, a new process starting
at 0 is obtained by adding the point (1, 1), and then, by appending the increments after a of L
(1)
n , and then
those before a (we perform the so-called conjugation of paths). The process obtained this way is positive
on J1, nK and has increments +1,−1, 0: it is the height process of a random tree T(2)n . Every realization
T
(2)
n of T
(2)
n is a planar tree in its own right: it can be used as the underlying tree of a branching random
walk with the same increment distribution as before. The label process of this branching random walk
L
(2)
n , can in turn be used, after conjugation, as the height process of the third tree T
(3)
n , which will be used
as the underlying tree of a new branching random walk... These iterations allow building successively,
T
(1)
n ,L
(1)
n ,T
(2)
n ,L
(2)
n ,T
(3)
n ,L
(3)
n , . . .
For such a tree T
(2)
n constructed “on” a tree T
(1)
n , since the process used to define the height process
6The asymptotic dependence of their diameters in the number of edges.
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of T
(2)
n is the sequence of labels of the corners of T
(1)
n , and since each node of T
(2)
n (but its root) comes
from one of the corners of T
(1)
n (see Fig. 6), there is an obvious way to identify the nodes of T
(2)
n : identify
two nodes of T
(2)
n if they come from different corners of the same node of T
(1)
n (in Fig. 6, the nodes of
each one of the following sets {A,C,G}, {B}, {D,F}, {E}, {H,J}, {I} will be identified). Hence, when a
sequence of trees (T
(1)
n , . . . , T
(D)
n ) has been defined as above, it is possible to identify the nodes of T
(j)
n
using the corners of T
(j−1)
n (which then defines a non-crossing partition of the corners of T
(j)
n ), as wanted.
 The distribution of each process involved can be described, and the asymptotic distributions charac-
terized. In fact, the construction is even simpler in the continuous setting, because many combinatorial
details disappear in the limit. In a few words: start from t(1), Aldous’ continuum random tree. This tree
is then used as the underlying tree of a spatial7 Brownian branching process, which amounts to equipping
t(1) with a compatible spatial Brownian motion indexed by the branches of t(1). In the literature, the
tree t(1) equipped with this Brownian labeling is called Brownian snake with lifetime process the nor-
malized Brownian excursion e. The process e is the contour process of the underlying tree t(1), and the
label process (`
(1)
x , 0 ≤ x ≤ 1) in this setting is the process that gives the values of the spatial Brownian
motion in accordance with the Brownian excursion. To iterate the construction, it suffices to conjugate
the label process in order to get a non-negative process, h(2), which can be used as the height process of a
continuum random tree t(2), which in turn, can be used as the underlying tree of a Brownian snake with
label process `(2), and so on. Iteratively, we construct t(1), `(1),h(2), t(2), `(2),h(3), t(3), .... We believe that
these iterated Brownian snakes are interesting on their own. Once these objects are defined, it is possible
to use them to define iterated continuous random feuilletages: for instance r[3] is defined as the random
tree t(3), whose corners are identified using t(2), whose corners are in turn identified using t(1), in the
same way as we proceeded in the discrete setting (see Fig. 7).
1.2 Contents of the paper
Convention. All the objects we will introduce in the paper will be rooted, unless specified otherwise (as
for instance in Sec. 4).
The last two sections of the introduction are dedicated to a discussion on the context in which our
approach takes place, as well as the motivations from theoretical physics.
In Sec. 2, after providing some notions about real trees (Sec. 2.1) and snakes (Sec. 2.2), we describe
directly in the continuum the iterative construction of the Dth Brownian snake bs[D] and the Dth random
tree t(D) (Sec. 2.3), and then of the Dth random feuilletage r[D] (Sec. 2.4).
We start Sec. 3 by defining planar trees and their encodings using height and contour processes
(Sec. 3.1), and then iterated discrete snakes BSn[D] and the iterated random discrete trees T
(D)
n (Sec. 2.3),
before introducing the iterated random discrete feuilletages Rn[D] (Sec. 2.4), as well as their normalized
versions (Sec. 3.3.2).
While the objects introduced in the previous section are rooted, Sec. 4 is dedicated to the definition
of pointed trees (Sec. 4.2), snakes (Sec. 4.2) and feuilletages (Sec. 4.3). In this last section, we show the
convergence in law of the pointed iterated random discrete feuilletages to the pointed iterated continuous
7“Spatial” is an adjective that is used to distinguish the different processes into play: prosaically, it is just a usual linear
Brownian motion.
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Figure 7: Some images of randomly generated Rn[D] for D going from 1 to 6 (loops and multiple edges have
been removed, keeping a unique single edge between adjacent vertices). The size of the vertex set is 50000.
random feuilletage for a topology characterizing the convergence of the encoding trees (which does not
imply the convergence for the Gromov-Hausdorff distance).
The proofs of the results in the previous sections are gathered in Section 5.
While we rather use the encodings of trees by processes in the previous sections, in Sec. 6 we review
in the combinatorial map picture the objects introduced previously. We define a class of combinatorial
objects that generalize combinatorial maps using nested non-crossing partitions and that contains the
iterated discrete feuilletages.
In Sec. 7, we describe the simulations we performed in the aim of providing pictures and of making
some statistics on the asymptotic diameter and on the volume of the balls of our random feuilletages, and
comment on the problems encountered.
1.3 Some references and comments on the approach
The point of view we develop here could appear somewhat artificial, but it is actually very similar to
the first works on the Brownian map [24, 63]. Planar quadrangulations and other similar simple families
of maps were the only objects whose combinatorics was well understood at this time, particularly thanks
to the existence of a bijection (CVS) between the set of planar quadrangulations with n faces and some
sets of labelled trees (Cori & Vauquelin [26], Schaeffer [75]). Building on this, Chassaing & Schaeffer
9
[24] made the first connection between the scaling limit of uniform planar quadrangulations and the
Brownian snake with lifetime process the normalized excursion, from what they obtained the right scale
n1/4 for the diameter of uniform planar quadrangulations with n faces. The second author and Mokkadem
introduced in [63] the Brownian map as the rescaled limit of random quadrangulations with n faces (under
a distribution close to the uniform distribution). The question of the convergence to the Brownian map
for a nice topology implying the metric convergence (as the Gromov-Hausdorff topology) was known by
the authors, but out of reach at this time. Another topology was used, a topology absolutely faithful to
the CVS bijection: building on the latter, [63] proved that the set of quadrangulations with n faces is in
bijection with a set of pairs of trees (T
(1)
n , T
(2)
n ) as presented above. The pair of random trees (T
(1)
n ,T
(2)
n )
associated with unif. planar quadrangulations with n faces converges in distribution after normalization
to a limiting pair of continuous random trees (t(1), t(2)). The Brownian map is defined in [63] to be t(2)
quotiented by the non-crossing partition defined by t(1) in a way analogous to what is done in the discrete
case. This approach provides a direct construction of the Brownian map equipped with a natural distance.
In [33], Duplantier, Miller and Sheffield (DMS) investigate random surfaces obtained from the mating
of two continuum random trees Te and Te˜ encoded by two independent normalized Brownian excursions
e and e˜ (see Sec. 3). They then identify in these trees the nodes with corner t, for all t ∈ [0, 1]. If (E0, d0)
and (E1, d1) are two metric spaces, and ∼R is an equivalence relation on E0∪E1, then the quotient space
E = (E0 ∪ E1)/ ∼R is a topological space. One can try to define a distance d on E by: for x, y ∈ E,
d(x, y) = inf
k
inf
x1,...,x2k
inf
(εj , 1≤j≤k)∈{0,1}k
k∑
j=1
dεj (x2j−1, x2j),
where x1 ∼R x, x2k ∼R y, and, for any j, x2j ∼R x2j+1, and x2j−1 and x2j are both elements on
the same set Eεj . In other words, geodesic paths in E are “limits” of connected paths in E formed by
alternating sections totally included in E0 or in E1. It turns out that this way of defining a distance on E
fails in general because it may happen that d(u, v) = 0 6⇒ u = v (as detailed in footnote 16). In the case
of the mating of trees, which is known to be homeomorphic to the 2-sphere, DMS do not consider the
metric induced by this construction, but consider the topological properties of this space, together with a
special space-filling path coming from the construction; they call this space the peanosphere. They study
some stochastic processes defined on this rich structure, and make many connections, among others with
the Brownian map, Gaussian free field, and Liouville quantum gravity in 2D.
Hence, the Brownian map has been defined before the proof of the convergence of its inner metric (Le
Gall [54] and Miermont [66]), before the proof of its property to be homeomorphic to the 2-sphere (Le Gall
and Paulin [56], Miermont [65]), and also before the proof of its connection with Liouville quantum gravity.
To define the Brownian map before these considerations was probably a necessary step in this research
field since knowing the limit even for a “bad topology” is always an advantage. In the same way the
peanosphere is constructed by taking “a formal topological” limit of some discrete analogue constructed
using binary trees with n leaves, somehow independently of standard considerations concerning invariance
principles since no proof of convergence is given: only “the limit” is considered.
What we propose here is to proceed as in the first construction of the Brownian map: we present a
combinatorial model and its limit (the Dth random feuilletage). The first properties we are able to prove
provide some first clues that this construction could indeed be analogous to the Brownian map. We hope
that it could also lead to the construction of some peanospheres in higher dimensions.
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1.4 Motivation from theoretical physics.
From a theoretical-physics perspective, the definition of an analogue of the Brownian map in higher
dimensions is sought in the context of discrete approaches to quantum gravity, which aim at describing
gravity at a microscopic “quantum” level8. In theories such as dynamical triangulations [6, 29, 4] or
random tensor models [42, 43], some family of D-dimensional discrete spaces such as D-dimensional
triangulations (simplicial pseudo-complexes), is seen as the set of random discrete space-times that can
occur at a microscopic level. Their probabilities of occurrence are provided by Einstein’s general relativity,
or more precisely by discretizing a` la Regge the Einstein-Hilbert action, which is the field-theoretical
formulation of general relativity. Thereby, the theory of gravity induces a distribution9 over the set
of D-dimensional triangulations of the same size, whose weights depend exponentially on their discrete
curvature10 (see e.g. [4, 58]).
One would like to asymptotically recover general relativity as an effective theory by taking a suitable
continuum limit of these random discrete space-times11. This attempt to describe gravity as a continuum
limit of a statistical system of random discrete space-times is seen in analogy with the description of
gas thermodynamics in statistical physics in the grand-canonical ensemble: the simplices are viewed
as “particles of space-time” and the D-dimensional triangulations as accessible states for the statistical
system, each with a given Boltzman weight, obtained by discretizing the Einstein-Hilbert action.
For D > 2, in a certain regime (small Newton constant), this distribution selects a narrow class of
very highly curved D-spheres12 whose scaling limit – understood as a continuum “large-scale” limit – is
the CRT [6, 76, 44] (this is called the branched-polymer phase in physics). Other distributions over the
set of D-dimensional triangulations have also been investigated, for instance based on topological criteria.
A possible candidate could indeed have been the full set of triangulations of the D-sphere, however this
seems to lead to very singular D-dimensional triangulations asymptotically, whose diameter are bounded
[6, 76]. This regime is called the crumpled phase in the physics literature, and it is expected that no
scaling limit can be defined. In a well-defined continuum limit, one would like to recover something which
resembles a random emergent continuum “D-dimensional” space-time. As discussed previously, this is a
very vague statement, however for many reasons, we should rule out the CRT and the crumpled phase.
On the other hand, in dimension D = 2, the link between combinatorial maps, matrix models, and
later the Brownian map on one hand, and quantum gravity in dimension D = 2 on the other, has been
investigated since the 80’s [31, 47, 28, 32, 34]. It was then proven in 2016 [67, 69, 68] that the Brownian
map is indeed equivalent to Liouville quantum gravity [30], a theory of random continuum surfaces
8Here we consider discrete quantum gravity as a statistical field theory: we use path integrals of the form
∫
e−S and not∫
eiS .
9Strictly speaking, each D-dimensional triangulation is assigned a positive weight which provides a classification of the
discretized space-times. However, these weights cannot always be normalized to define a distribution.
10A “canonical” discrete curvature [73] is defined on a D-dimensional triangulation by assuming that all edges have the
same length. Then, the discrete curvature locally depends only on the number of D-simplices around each (D − 2)-simplex.
11This could involve defining suitable observables, that would converge to their classical values throughout a coarse-
graining process, or knowing how to describe this continuum limit in a field theoretic way, and then renormalizing this theory
to translate it to our scales.
12All results discussed here are in the Euclidean case, in which time is not considered. Introducing “time” can be done
by requiring some additional causality condition on the D-dimensional triangulations [5, 59]. Numerical simulations seem to
indicate that the continuum limit in dimension 4 has promising properties, however no exact result exists so far.
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introduced by Polyakov in the context of string theory [72]. However, the proof of this equivalence does
not rely on the fact that the initial distribution is induced by general relativity. Indeed, what matters
in this framework is the convergence to the Brownian map, which is ensured as long as, at the discrete
level, only spheres (families of combinatorial maps in D = 2 with genus 0) are considered, with a uniform
distribution for discrete spheres of the same size [54, 8, 1, 2]. But spheres could be selected from other
criteria and distributions than that induced by Einstein-Hilbert13, e.g. topological14, and only the physical
interpretation at the discrete level would eventually be affected, not the conclusions at the continuum
level. Pushing this reasoning further, the convergence towards the Brownian map is universal: modifying
the discrete models [60, 27, 64] leads to the same scaling limit, and thereby to Liouville quantum gravity
(and this could even be expected for other models of random metric spaces). Because of the failure in
higher dimensions of the approach consisting in discretizing the Einstein-Hilbert action and using this
distribution on D-dimensional triangulations, and because it is currently unclear how to find a class of
discrete 3-dimensional spheres that could have a suitable scaling limit, if it exists, the facts listed above
provide a strong motivation for trying to build such an object from a more direct approach.
This is the aim of the present paper: working the other way around, we build directly candidates
(r[D], D ≥ 1) to play the role of the Brownian map in higher dimensions D, as limits of the Dth ran-
dom discrete feuilletages (Rn[D], D ≥ 1), which are obtained by iterated series of foldings of an initial
discrete surface. Even if our construction does not rely on some classical combinatorial objects such as
D-dimensional triangulations (which could provide a physical interpretation in the context of dynamical
triangulations and discrete quantum gravity), the discrete objects Rn[D] we present have many good
combinatorial properties, starting with the coincidence of Rn[1] with uniform rooted planar trees with
n edges, and of Rn[2] with rooted-pointed uniform quadrangulations with n faces. We stress that if a
theory was to be built directly from a suitable random continuous generalization of the Brownian map,
and if this theory provided consistent results, for instance when defining observables and extracting their
classical limits, then huge progress would have been done towards quantizing gravity, whether this random
continuous generalization of the Brownian map was obtained as a limit of D-dimensional random trian-
gulations or not. For a suitable definition of our discrete objects, we faced the difficult task of qualifying
what a good limit would be. We isolated three important features they should have or that their limit
should have, to be suitable in the context of quantum gravity:
 The (limiting) continuous space’s “dimensions” should be suitable in some sense. As mentioned above,
it seems to us that the topological dimension could be a good notion, if it is well defined. In dimension
3, this excludes, for instance, the CRT or the Brownian map.
 The distances in the Dth large discrete random space should scale in a suitable way: for D ≥ 3, we
do not expect the distances to scale as in large uniform planar trees or as in large planar maps, for in-
stance. Also, we expect the Hausdorff dimension of the Dth limiting continuous object Haus(D) to be an
increasing function of D. As a matter of facts, we conjecture the distances in Rn[D] (under a particular
distribution we define) to be of order n1/2
D
(in any case we will see that n1/2
D
is an upper bound on the
diameter of Rn[D]). This value seems suitable for the Dth discrete object.
 “Uniformity” and universality: as mentioned above, in order to have a physical interpretation at the
discrete level, it seems important to be able in the future to exhibit some sets of D-dimensional trian-
13In which case the surfaces of genus 0 are selected in the regime of small Newton constant.
14It is equivalent in dimension 2 but not in higher dimensions.
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gulations selected according to “natural criteria” (e.g. uniform in a set of triangulated spheres selected
according to a physically motivated criterium), which would converge towards the space r[D] we built.
The construction of Rn[D] for n ≥ 3 is not given in these terms, that is in terms of gluing of D-dimensional
simplices. However, our iterative construction generalizes those of Schaeffer or BDG [16] between labeled
trees and maps, valid in D = 2. While these bijections produce uniform maps, they are not formulated
in terms of gluings of elementary building blocks (such as polygons).
It is worth noting that the critical exponent we find for the Dth random discrete feuilletages, associated
with their asymptotic enumeration (called string susceptibility in physics), is
γD = 3/2−D. (1.1)
This exponent generalizes the well-known exponents γ1 = 1/2 for random trees, and γ2 = −1/2 for
random planar maps.
2 Iterated Brownian snakes and iterated random feuilletages
All the random variables are assumed to be defined on a common probability space (Ω,A,P).
Notations : We will denote by Ja, bK the set [a, b] ∩ Z equipped with its natural order. For an
ordered finite set I, the notation X(I) stands for the sequence (X(i), i ∈ I) taken under the index order;
hence, X(J0, 5K) = (X0, X1, · · · , X5). Finally, we will denote by (xn) the infinite sequence (x1, x2, · · · ).
By convention x+ y mod p stands for (x+ y) mod p.
For a function g : R→ R (or defined on an interval [a, b] ⊂ R only), we denote by
g
∧
(x, y) = min{g(u), u ∈ [min{x, y},max{u, v}]}
the minimum of g on the interval with extremities x and y.
2.1 Continuous trees
We start with a digression concerning the so-called “iterated Brownian motion”: take a sequence
of independent two-sided Brownian motions (Bi, i ≥ 0), meaning that for any i, (Bi(s), s ≥ 0) and
(Bi(−s), s ≥ 0) are two standard linear Brownian motions starting at 0. The Dth Brownian motion (see
e.g. Burdzy [18]) is the one dimensional process defined by
I(D)(t) = BD(BD−1(· · · (B1(t)) · · · )), t ∈ R. (2.1)
The construction we propose for the Dth Brownian snake bs[D] can be viewed as a kind of tree-like
counterpart to I(D): as explained in Section 1.1, we will produce a sequence of labeled trees
(
t(i), `(i)
)
,
building t(i+1) thanks to `(i), “a Brownian labeling of t(i)”. Up to some changes of roots, constructing
t(D) will require D−1 iterated Brownian labelings. The construction is tuned in such a way that the pair
(t(1), t(2)) corresponds exactly to the random trees encoding the Brownian map.
Before that, we need to recall some facts concerning continuous trees and real trees.
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Representation of (real) trees using continuous functions
The first brick we need to later define iterated snakes and feuilletages is the notion of continuum tree.
We need to review some classical aspects of the latter, which can be found in the literature in many
references, notably in relation with the CRT or the Brownian map (see e.g. Le Gall & Duquesne [37],
Miermont [66], Le Gall [54, 55] or Miermont & Le Gall [50], ...).
Compact R-trees are compact metric spaces (T, d) such that for every a, b in T , there exists a unique
injective function fa,b : [0, d(a, b)]→ T , for which fa,b(0) = a and fa,b(d(a, b)) = b.
In the sequel, we present some continuous trees encoded by functions; these objects are rooted-ordered
real trees (see Duquesne [35] and references therein for a complete discussion on the relation between
compact real trees and trees encoded by real valued fonctions).
Consider C[0, 1], the set of continuous functions f : [0, 1]→ R. Let
C+[0, 1] = {f ∈ C[0, 1] , f([0, 1]) ⊂ R+, f(0) = f(1) = 0} (2.2)
be the subset of C[0, 1] of non-negative functions, null at 0 and 1. With each function g in C+[0, 1], we
define an equivalence relation in [0, 1] by
x ∼
g
y ⇐⇒ g(x) = g(y) = g ∧(x, y).
s t0 1
f(s)
f(t)
f
∧
(s, t)
c1 c2 c3
Figure 8: Tree associated with a function taken in C+[0, 1]: the green path in the tree is visible in the
functional encoding; the red arrows point toward the three corners c1, c2 and c3 of a vertex in the tree.
The set of equivalence classes modulo ∼
g
,
Tg = [0, 1]/ ∼g
is connected and possesses no cycle: it is a tree, and its elements are therefore called nodes or vertices.
An example is shown in Fig. 8. The canonical surjection cg from [0, 1] into Tg is denoted
cg : [0, 1] −→ Tg
x 7−→ cg(x) = x˙ := {y ∈ [0, 1] , x ∼
g
y} .
It is the continuous analogue of the depth first traversal cT for discrete trees defined below (3.4). Seing
x ∈ [0, 1] as the corner of a node, cg(x) is precisely that node (and a node corresponds to a set of corners).
The set of nodes Tg can be turned into a totally ordered set, by setting
x˙ < y˙ iff inf x˙ < inf y˙,
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that is, the order of two nodes is inherited from the order of their first corners. The class 0˙ is the root of
Tg: the tree Tg is rooted.
Let x and y be elements of x˙ and y˙. The node z˙ ∈ Tg defined by z ∈ [x, y] and g(z) = g ∧(x, y) does
not depend on the chosen representatives x and y: z˙ is called the highest common ancestor of x˙ and y˙.
From there, we can define the notions of ancestor, descendent, subtree, branch, as in the discrete
case (Sec. 3.1). For instance, the set of ancestors of x˙ in Tg is defined as
Ancestorsg(x˙) = {y˙ ∈ Tg , inf(y˙) ≤ inf(x˙) ≤ sup(x˙) ≤ sup(y˙)}. (2.3)
It is also the ancestral branch from x˙. A node x˙ is said to be an internal node if inf x˙ < sup x˙, and it is
said to be a leaf if inf x˙ = sup x˙ (for a general function f , positions of local maxima correspond to leaves,
but some leaves are not position of local maxima).15
The distance between x˙ and y˙ is defined as
dTg(x˙, y˙) := Dg(x, y), (2.4)
where
Dg : [0, 1]
2 −→ R+
(s, t) 7−→ Dg(s, t) := g(s) + g(t)− 2g ∧(s, t)
. (2.5)
This map Dg is well defined since the r.h.s. of (2.4) does not depend on the elements x and y chosen in
the classes x˙ and y˙. The fact that dTg is indeed a distance is easy to check. The function g is called the
contour process of Tg since
dTg(0˙, x˙) = Dg(0, x) = g(x), for any x ∈ [0, 1] (2.6)
which is the characterizing property of the contour process in the discrete case (see later Def. 3.4).
Trees as measured spaces
Denote by M[0, 1] the set of probability measures on [0, 1].
Definition 2.1. Consider µ ∈M[0, 1], g ∈ C+[0, 1] and Tg the associated tree. The pair (Tg, µ) is called
a measured tree.
For g ∈ C+[0, 1], since [0, 1] is the corner set of the tree Tg, and cg : [0, 1] → Tg is the map which
sends any corner x on the associated vertex cg(x) ∈ Tg, the measure µ is a measure on the corner sets,
and its push-forward measure by cg is a measure on Tg. There are two main reasons to enrich trees with
measures, both being linked with discrete trees:
 In the discrete case up to a normalization, for many models of random trees including those studied in
15The normalized Brownian excursion can be obtained by rescaling the excursion of the Brownian motion which straddles
1. From here, it can be seen that the trajectory of the Brownian excursion inherits from the Brownian motion of many
features. For example, it has a countable number of local minima or maxima (Ex.Chap. III, 3.26 Revuz-Yor). Besides, the
Brownian motion has the strong Markov property, and the property that the set Z = {t : Bt = 0} is a.s. a closed set without
isolated point (see Chap. III Prop 3.12 Revuz-Yor), allows seeing that a.s., 0 (or any other point x ∈ [0, 1]) is not a local
maximum or minimum: for any x ∈ [0, 1], one has a.s. inf x˙ = sup x˙, even if a.s. x is not a local maximum.
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the present paper, the number of nodes visited in the contour process between time a and b is (approx.)
a proportion b−a of the nodes (and also a proportion b−a of the corners). Adding a measure component
allows accounting for this and then expressing that, at the limit, the same property holds for the continuum
random tree Tg (the “limiting measure” being the Lebesgue measure).
 The second reason is the need to distinguish between discrete and continuous trees! If g is not the null
function, the set [0, 1]/ ∼ g has the cardinality of R, regardless of whether Tg “is used to model” a discrete
tree or not. Hence, when one embeds the set of discrete trees in the set of continuous trees using contour
processes, their discrete nature is lost. Corner measures allow recovering corner positions, and then allow
one to cover discrete and continuous objects by a single notion, which is sometimes compulsory (to prove
convergence results, for example).
Let
K = {Tg := (Tg, dTg , µg) , g ∈ C+[0, 1], µ ∈M[0, 1]}
be the set of such rooted trees, considered as metric spaces, and equipped with a corner measure (in the
following, we use the same notation for a real tree and the corresponding measured metric space).
The set of trees K is a metric space: we transport the metric and the topology from (C[0, 1], ‖.‖∞)×
(M[0, 1], dVar) (where dVar is the total variation distance) onto K, by setting the following distance on K:
for g and f in C+[0, 1],
dK(Tg, Tf ) = ‖g − f‖∞ + dVar(µf , µg).
This makes of the set of trees K a Polish space.
We define formally what we will call Aldous’ continuum random tree (Aldous’ CRT):
Definition 2.2. We call Aldous’ CRT, the tree Te = (e, de, λ) where λ is the Lebesgue measure on [0, 1]
(and where e is a Brownian excursion).
We end this introduction to continuous trees by defining the change of root:
Definition 2.3. For g ∈ C+[0, 1] and x ∈ [0, 1], the tree Tg rerooted at its corner x is the tree Th for{
h(s) := Dg(x+ s mod 1, x), for s ∈ [0, 1],
µh(.) = µg(x+ . mod 1)
.
This definition fits perfectly with (2.6), since the distance to the corner x in Tg is indeed the function
“distance to the root” in Th.
Remark 2.4 (Important). All along the paper we will encounter many continuous trees Tg = (g, dg, µg)
for which the corner measure will always be the Lebesgue measure on [0,1]. We will also work
with some normalized discrete trees with N edges: in this case, the corner measure will always be the
uniform corner measure, that is, the deterministic measure λN = 1/(2N)
∑2N−1
k=0 δk/(2N) on [0, 1].
When N → +∞,
λN → λ (2.7)
for the classical weak convergence in M[0, 1] (equipped with the total variation distance), so that this
additional “measure component” does not modify the proof of convergence for trees, for snakes, and after
that for feuilletages. Nevertheless, the presence of the measures allows defining properly the feuilletages,
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whose definition, in the discrete case, must take into account the actual nodes locations.
To avoid heavy notations, we will however often drop the measure component, but will recall its presence
when it is crucial. In the proofs, the presence of measures will be simply completely dropped, since (2.7)
alone allows taking care of the convergence of the measure components.
2.2 Brownian snake
The Brownian snake is a classical object from probability theory, which before being used to defined
the Brownian map in [63], was mainly used in relation with superprocesses (see e.g. [37]). To build the
random iterated feuilletages, we will define “a notion of iterated snakes”; first, let us review some of the
aspects of the Brownian snake. For references on (non-iterated) snakes, see e.g. Le Gall [51] for continuous
snakes, and Marckert & Mokkadem [62], Janson & Marckert [45] for discrete snakes and their convergence.
Consider the following set (of “bridges”)
C0[0, 1] = {g ∈ C[0, 1] , g(0) = g(1) = 0}. (2.8)
Definition 2.5. Let g ∈ C+[0, 1] and Tg be the associated tree. A labeling of the rooted tree Tg is a map
` ∈ C0[0, 1] which satisfies
s ∼g t⇒ `(s) = `(t). (2.9)
In other words, the labels of the corners of a node coincide. A pair (g, `), where ` is a labeling of Tg, is
called tour of a continuous snake. We denote by
−−−−→
Snakes =
{
(g, `) ∈ C+[0, 1]× C0[0, 1] , ` is a labeling of Tg
}
(2.10)
the space of tours of continuous snakes, equipped with the uniform convergence topology.
Remark 2.6. As detailed previously, a corner measure is sometimes considered, so that the elements of−−−−→
Snakes will sometimes be viewed as 3-tuples (g, `, µ) instead (here µ ∈M([0, 1]), equipped with the distance
D((g, `, µ), (g′, `′, µ′)) = ‖g − g′‖∞ + ‖`− `′‖∞ + dVar(µ, µ′).
To avoid too much heaviness, we remove this third component as long as it is not explicitly needed.
In the literature, a snake is the name given to a family of trajectories (wx, x ∈ [0, 1]) indexed by the
corners of a tree. The snake and its tour are related as follows. Taking (g, `) in
−−−−→
Snakes, the snake with
tour (g, `) is the family of trajectories (wx, x ∈ [0, 1]), where the lifetime of wx is g(x), and
wx(h) = `(z) for 0 ≤ h ≤ g(x), (2.11)
where z is one of the corners of the ancestors of x˙ at height h.
Remark 2.7. The natural maps that associate tours of snakes and snakes (both ways) are homeomorphic
under natural topologies (see Marckert & Mokkadem [62]). The topology on the set of snakes is more
involved than that for tours of snakes, since snakes are families of killed trajectories, when tours of snakes
are just elements of C+[0, 1]×C0[0, 1]. The homeomorphism evoked above makes it possible to transfer all
convergence results obtained on tours of snakes to snakes. In the following, we will only deal with tours
of snakes and we will often call them simply snakes, by abuse of language.
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Definition 2.8. Consider X a random process taking its values in C+[0, 1]; we call tour of the Brownian
snake with lifetime process X, the pair (X, `) where, conditionally on X = g ∈ C+[0, 1], the process
(`(s), s ∈ [0, 1]) is a centered Gaussian process with covariance function
cov(`(x), `(y)) = g
∧
(x, y). (2.12)
 Hence the pair (X, `) is a.s. the tour of a snake, since for 0 ≤ x ≤ x′ ≤ 1,
g(x) = g(x′) = g ∧(x, x′)⇒ cov(`(x)− `(x′), `(x)− `(x′)) = 0⇒ `(x) = `(x′).
However, the a.s. continuity of ` is not granted: it depends on the regularity of X (all considerations on
the Ho¨lder exponents in the paper are developed for this reason),
 The (tour of the rooted) standard Brownian snake with lifetime process g corresponds to the labeling
of a continuum random tree with contour process g, by a Brownian motion starting at the root of the
tree with the property that a node at height h is labeled by a Brownian motion at time h, and for u˙ and
v˙ two nodes of the tree Tg, the Brownian trajectories (Bs, 0 ≤ s ≤ gu) and (B′s, 0 ≤ s ≤ gv) coincide on
[0, g
∧
(u, v)], and(
Bs −Bg ∧(u,v), g
∧
(u, v) ≤ s ≤ gu
)
and
(
B′s −Bg ∧(u,v), g
∧
(u, v) ≤ s ≤ gv
)
are independent.
 The (tour of the rooted) Brownian snake with lifetime process the normalized Brownian excursion is
the process which corresponds to this definition for X = e, that is, when the underlying continuous tree
is Aldous’ continuum random tree Te (see e.g. [37, 62, 45]).
2.3 Iteration of snakes
To iterate the construction, we will associate a tree to the label process ` of a snake with contour
process (g, `). To this end assume for a moment that ` is continuous, and is an element of C0[0, 1].
If g is not the null function, the tree Tg contains at least a non-trivial branch b, so that ` is a.s. not
positive on [0, 1] (since its range contains that of the Brownian motion on b), and then ` is not in C+[0, 1],
and therefore ` is not the contour process of a tree. Pushed by combinatorial and technical considerations,
we proceed as follows. For a function f in C0[0, 1], define{
m(f) := inf{f(x) , x ∈ [0, 1]},
a(f) := min argmin f = min{x , f(x) = m(f)}. (2.13)
The value a(f) is the first hitting time of the minimum m(f) for the function f (left of Fig. 9).
Leading idea: Consider the so-called conjugation of paths, the map
Conj : C0[0, 1] −→ C+[0, 1]
f 7−→ x 7→ f [(a(f) + x) mod 1]−m(f) . (2.14)
This map, illustrated in Fig. 9, is notably known for sending Brownian bridges onto Brownian excursions
(if b is a standard length-1 Brownian bridge, then Conj(b)
(d)
= e, Vervaat [77]).
For f ∈ C0[0, 1], since Conj(f) ∈ C+[0, 1], Conj(f) is naturally the contour process of a tree.
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Figure 9: Illustration of the map f 7→ Conj(f): it exchanges the part of the graph before and after a(f).
Remark 2.9. Let µ be the corner measure of a tree Tf and let g = Conj(f). The push-forward measure
of µ by Conj is µ′ defined by
µ′(·) = µ(a(f) + · mod 1).
The measure µ′ is the “same corner measure” as µ in the sense that it puts the same weight to the corners
that are in correspondence on Tg and Tf .
Hence, starting from any function f in C0[0, 1] including the label process of a snake (taking that it
belongs to C0[0, 1]), one can consider the tree with contour Conj(f), and use it as the underlying tree of
a branching Brownian motion.
Regarding the assumption that ` ∈ C0[0, 1], since g(0) = g(1) = g ∧(0, 1) = 0, then a.s. the label of the
root is `(0) = `(1) = 0. As for the continuity of `, the a.s. existence (or not) of a continuous version for
`, depends on the regularity of g. This is one of the (relative) difficulties of this construction.
Definition 2.10. The space of rooted continuous D-snakes is defined to be
−−−−→
SnakesD :=
(−−−−→
Snakes
)D
,
equipped with the uniform topology. When we specify the corner measures, a rooted D-snake has the
following form:
[(
f (i), `(i), µ(i)
)
, 1 ≤ i ≤ D].
Iterated rooted Brownian snakes
Definition 2.11. For any positive integer D, we call Dth Brownian snake the process
bs[D] :=
([
h(1), `(1)
]
, . . . ,
[
h(D), `(D)
])
(2.15)
taking its values in the space
−−−−→
SnakesD, where:
(i) the first tree is the continuum random tree: h(1)
(d)
= e,
(ii) for any j, conditionally on
[
h(1), `(1), . . . ,h(j−1), `(j−1),h(j)
]
, the process `(j) is the label process of
the rooted Brownian snake with lifetime process h(j) (as defined in Def. 2.8),
(iii) for j ≥ 2, the contour of the jth random tree t(j) := Th(j) is
h(j) = Conj(`(j−1)). (2.16)
For any j, the corner measure on t(j) is λ, the Lebesgue measure on [0, 1].
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Hence, the standard Brownian snake with lifetime process the normalized Brownian excursion coincides
with bs[1] (see e.g. [51, 62, 45]). Definition 2.11 really defines an existing object only if the `(j)’s are all
a.s. continuous: this property is needed to define the continuous contour of the tree t(j+1) using `(j), and
it needs to be proved.
Theorem 2.12. For any j ≥ 1, `(j) is a continuous process and then for any D ≥ 1, the process bs[D]
is well defined.
We will indeed prove the continuity of the processes `(j) in Sec. 5.2.
Remark 2.13.  There is no natural process bs[0], since the Brownian bridge is not the label process of
any tree. It is somehow the label process of the circle R/Z, which is not a tree.
 The fact that `(j) reaches its minimum only once a.s. for j ≥ 2 (on a leaf of h(j)) is unclear, but we
conjecture that it is true; this property holds for `(1) (Le Gall & Weill [40, Prop. 2.5]).
 Constructing a version of bs[D] conditioned by the non-negativity of all the `(i), which is a singular
conditioning, and which has been done by Le Gall & Weill [40] in the case of the Brownian snake bs[1], does
not seem to be an easy task. This positive processes could be used to define more easily some feuilletages
(as done below) without having to deal with what we call below “tree synchronisations”.
2.4 The iterated random feuilletages r[D]
2.4.1 r[2] is the Brownian map
Let bs[1] = (h(1), `(1)) be the standard Brownian snake; let again h(2) = Conj(`(1)). Consider the tree
t(2) = Th(2) , and set
a(1) = min argmin `(1).
By definition (2.14) of the map Conj, since h(2)(·) = `(1)(a(1)+ · mod 1)−min `(1), the corner x−a(1) mod 1
of t(2) corresponds to the corner x in the tree t(1).
Definition 2.14. Let bs[2] =
([
h(1), `(1)
]
,
[
h(2), `(2)
])
be the 2nd Brownian snake. The Brownian map
r[2] is the topological space defined as [0, 1]/ ∼2, where ∼2 is the coarsest equivalence relation that extends
the two following equivalence relations:
x ∼h(1) y,(
x− a(1)
)
mod 1 ∼h(2)
(
y − a(1)
)
mod 1.
These two relations are equivalent to
Dh(1)(x, y) = 0,
Dh(2)
(
x− a(1) mod 1, y − a(1) mod 1
)
= 0,
where Dg was introduced in (2.5) to define the distance dTg in the tree Tg.
Let us discuss further the appearance of a(1) in the considerations and the implications for iterations.
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2.4.2 Trees synchronization and r[D]
One can argue that the worst hassle in the construction of the Dth Brownian snake is the successive
use of Conj, which brings some extra random shifts at each iteration: these shifts are inherited by the D
random rooted feuilletages (in the D = 2 case, these considerations appear in relation with the rooted
pointed Brownian map). We will then take a moment to write the details of what we will call trees
synchronization. Later on, we will see that the somehow non-continuity of this synchronization procedure
will be at the origin of another complication, which will lead to the definition of pointed counterparts to
the rooted snakes and to the random feuilletages.
Take a Dth Brownian snake bs[D] (with the same notation as in Def. 2.11). Set
a(m) = min argmin `(m), for m ∈ J1, DK, (2.17)
so that again, h(m+1)(.) = Conj(`(m)) = `(m)
(
(a(m) + .) mod 1
)−min `(m), and for any m,
t(m) = Th(m) .
In order to trace back all the shifts coming from the successive change of roots, we set
A(m) = a(1) + · · ·+ a(m−1), for m ≥ 1. (2.18)
For example, the corner x−A(3) mod 1 of the tree t(3) corresponds to the corner x−A(2) mod 1 of t(2),
which in turn corresponds to the corner x of t(1).
Definition 2.15. Let bs[D] =
([
h(1), `(1)
]
, · · · ,
[
h(D), `(D)
])
be the Dth Brownian snake. We call Dth
random feuilletage r[D] the topological space
r[D] := [0, 1]/ ∼D, (2.19)
where ∼D is the coarsest equivalence relation on [0, 1] refining all the following equivalence relations ∼[m]
for 1 ≤ m ≤ D, defined for x, y ∈ [0, 1] by
x ∼[m] y ⇔ Dh(m)
(
x−A(m) mod 1, y −A(m) mod 1
)
= 0. (2.20)
Hence, x ∼D y if and only if there exists a finite sequence of identification points ((xm, jm), 1 ≤ m ≤
N) ∈ ([0, 1]× J1, DK)N such that, for x0 := x, xN+1 := y,
xm ∼[jm] xm+1 for 0 ≤ m ≤ N. (2.21)
Remark 2.16. Formula (2.20) defines the feuilletage. In the discrete case we will transform (2.20) so
that only corners corresponding to “discrete nodes” are identified. This will amounts to restricting (2.20)
to the support of the corner measure into play. This way of doing applies to continuous snakes too.
2.4.3 Some potential metrics on r[D]
Here are two (potential) metrics on r[D] compatible with its topology:
d
(1)
r[D](x, y) = infr≥1
inf
1≤m1,··· ,mr≤D
inf
0≤x0,··· ,xr≤1
r∑
j=0
D
h(mj)
(
xj −A(mj) mod 1, xj+1 −A(mj) mod 1
)
(2.22)
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where x0 ∼D x, xm+1 ∼D y, and
d
(2)
r[D](x, y) = infm
inf
0≤x0,··· ,x2m+1≤1
m∑
i=0
Dh(D)
(
x2i −A(D) mod 1, x2i+1 −A(D) mod 1
)
(2.23)
where x2i+1 ∼D x2i+2, x0 ∼D x, x2m+1 ∼D y. Identifications can be viewed as distance-free jumps in the
space r[D]: they combine identifications coming possibly from several different trees t(jm).
 The metric d
(1)
r[D] is more symmetric: a traveller who wants to go from x to y has to walk on one of the
trees t(j) for 1 ≤ j ≤ D; when it does so, the distance is given by the metric on this tree. If he is at a
given moment at a ∈ [0, 1], he can jump at b ∈ [0, 1] if a ∼D b without paying anything, or in other words,
if a and b are two corners of the same node in one of the trees t(j) for 1 ≤ j ≤ D. He can change tree
whenever he wants to go on his travel, and the final distance for a path is the minimum on all possible
trips of the sums of all the distances made on each of these trees.
 For the metric d
(2)
r[D], the traveller can only walk on the tree t
(D), but whenever he wants, if he is at
a ∈ [0, 1], he can jump at b ∈ [0, 1] without paying anything if a ∼D b.
Open question 1. Are the distances d
(1)
r[D] and d
(2)
r[D] non-trivial for any D > 2? (that is, is the diameter
of r[D] under d
(j)
r[D] a.s. positive)?
 The advantage of d
(1)
r[D] is that it is non-increasing in D, since when one passes from D to D+1, the set
on which the minimum is taken is larger for the inclusion order. “Geometrically”, new identifications
are provided by the (D + 1)th tree. Moreover, with each subset of indices {i1, · · · , im} included inJ1, DK one can associate the space;
r[i1, · · · , im] := ((. . . ([0, 1]/ ∼[i1])/ . . .)/ ∼[im])
with the analogue of distance d(1) given by taking the infimum in (2.22) only on these indices.
 For D = 1, r[1] coincides topologically with Aldous’ continuum random tree, and the metrics d
(1)
r[1]
and d
(2)
r[1] are equal and coincide with the standard metric on this space.
 For D = 2, r[2] coincides topologically with the Brownian map and d
(2)
r[2] corresponds to the standard
metric on this space.
But we must say that we do not know the answers to the following questions:
Open question 2. For D > 2, is it true that d
(j)
r[D](x, y) = 0 ⇒ x ∼D y for the distance j = 1 or 2? It
is true for D = 2 as a consequence16 of Miermont [66] and Le Gall [54].
16 When one quotients a topological space as we did when we introduced ∼D, it may happen that the “distance inherited
from the initial distance” on this space is not a distance: for example, consider E = [0, 1] (or [0, 1] ∪ [2, 3]), equipped with
the usual distance |.|, and quotiented by the equivalence relation x ∼ y iff x = y or x, y ∈ Q (in other words, identify all
rational numbers). Clearly, the quotient space E? is not reduced to a single point, but d?(x, y) = 0 for all x, y ∈ E? under
“the inherited distance d?”, since for any x, d(x,Q) = 0 for all x ∈ R, if d(x, y) = |x− y| is the usual distance on R. Hence,
d? is not a distance, since d?(x, y) = 0 6⇒ x = y. If one further quotients E? by x ∼? y when d?(x, y) = 0, then the space E?
becomes trivial, reduced to a single point.
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As a consequence of Theorem 5.7, which allows seeing that h(D) is a.s. Ho¨lderian with exponent
1/2D − ε, for any ε > 0, it may be shown that the tree (t(D), Dh(D)) has Hausdorff dimension smaller
than 2D. For D ∈ {1, 2}, these upper bounds fit with the right values [53, 36]. These bounds are also the
Hausdorff dimensions of
(
r[D], d
(2)
r[D]
)
for D ∈ {1, 2}.
Open question 3. What are the Hausdorff dimensions of the random trees (t(D), Dh(D)) and of the
random feuilletages (r[D], d
(2)
r[D]) for D > 2? If 2
D is indeed the Hausdorff dimension of (t(D), Dh(D)),
then this value provides a lower bound for the dimension of
(
r[D], d
(2)
r[D]
)
... We conjecture that both spaces
indeed have Hausdorff dimension 2D.
Remark 2.17. About the redundancy of the iterated Brownian snake: from f to Conj(f), a change of
origin has been done. If one has only Conj(f) in hand, the “shift” a(f) cannot be recovered. It turns
out that for our applications to r, the shift is needed to “synchronize” the identifications provided by the
different trees. Working directly and only with f – which is possible since f determines Conj(f) – is a bit
annoying because it demands reintroducing Conj(f) everywhere, since the iteration we propose relies on
the tree encoded by Conj(f).
Remark 2.18. When dealing with asymptotic discrete snakes, we will observe that the change of origin
is not continuous, that is ‖fn− f‖∞ → 0 6⇒ a(fn)→ a(f) 17. As a consequence, even if the sequence (fn)
converges in C[0, 1], the sequence of trees (Conj(fn)) may not converge in the set of rooted trees, K. This
issue explains the complications that will appear progressively in the sequel. The strategy we have adopted
to treat them is to use the redundancy provided by the presence of hj+1 = Conj(fj) together with fj in
the iterated Brownian snake. The discontinuity of the map a(·) will result in the loss of the identity of
the root corner in the iterated trees while the root vertex will still be well known: pointing a tree amounts
to considering as equivalent two trees rooted at different corners of the same root vertex. Pointing is
compatible with the snake construction in which the root vertex is labeled 0, whatever the considered root
corner. We will therefore progressively turn our intention to pointed snakes, pointed feuilletages, and
finally, state our main theorems for theses objects.
3 Iterated snakes and feuilletages: combinatorial objects
Notation : The ith increment of any sequence (xi, i ≥ 0) is denoted ∆xi = xi − xi−1.
Convention : We make a great use of continuous processes X obtained by linear interpolation of some
random sequence of the form (Xk, k ∈ J0, nK) or of the form (Xk/n, k ∈ J0, nK). We will keep the same
notation X for the continuous and discrete version, but we will name “process” the interpolated version,
and “sequence” the discrete one (without additional warning).
The main aim of this section is to present the discrete iterated snakes and discrete iterated feuilletages.
3.1 Planar trees and their encodings
Rooted planar trees. For N? = {1, 2, · · · , ...}, consider U = {∅} ∪⋃k≥1N?k the set of words on the
alphabet N?. For any word w = w1...wk in U where wj ∈ N?, |w| = k is the length of w, also called the
17To circumvent this problem, it would suffice to prove that a.s., # argmin(`(j)) = 1, for the iterated process `(j) defined
previously.
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depth of w. For u and v in U , uv stands for the concatenation of u and v.
Definition 3.1. A rooted planar tree T is a finite subset of U , containing ∅, stable by prefix (if uv ∈ T
for u, v ∈ U , then u ∈ T ), and such that if ui ∈ U for u ∈ U and i ∈ N?, then uj ∈ T for 1 ≤ j ≤ i.
An example is shown on the left of Fig. 10. The elements of T are called nodes or vertices. For u ∈ T
and j ∈ N?, if uj ∈ T , then uj is called a child of u, and u is the parent of uj. The number of children
of u is cu(T ) = #{j ∈ N?, uj ∈ T}. The prefixes of u are called the ancestors of u. The size of a tree T ,
denoted by |T | is its cardinality (its number of nodes). We also set
‖T‖ = |T | − 1,
the number of edges of T . Denote by T the set of trees, and by Tn the subset of those with n edges:
Tn = {T ∈ T , ‖T‖ = n}.
It may be proved by induction that for n ≥ 1, the cardinality of Tn is the nth Catalan number:
#Tn = Cn =
(
2n
n
)
/(n+ 1).
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Figure 10: From left to right: a rooted planar tree T , and the corresponding height process and contour
process.
Height sequence. The lexicographical order on U induces an ordering on any tree, and allows using
some bijections to represent trees as sequences.
Definition 3.2. The height sequence of T is the sequence HT J0, ‖T‖K of the successive heights of the
nodes of T sorted in lex. order u0 = ∅, u1, . . . , u‖T‖:
HT (k) = |uk|, for 0 ≤ k ≤ ‖T‖. (3.1)
Here is a classical result (see e.g. [37, 61]):
Lemma 3.3. For any n, the map which to a tree associates its height sequence,
ΦT→Hn : Tn −→ Hn
T 7−→ HT
,
is a bijection, where
Hn = {H(J0, nK), H0 = 0,∆Hi ≤ 1 and Hi > 0 for i ≥ 1}. (3.2)
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Figure 11: Illustration of the map ΦH→Tn , and of the map Φ
H→C
n ; the sequence of successive final heights
of increasing steps in the contour process is exactly the height process.
An example of a tree and corresponding height sequence is shown in Fig. 10. The reverse bijection
ΦH→Tn : Hn → Tn allows constructing a tree from its height sequence:
ΦH→Tn =
(
ΦT→Hn
)−1
. (3.3)
It will play an important role (see Fig. 11): take any sequence H(J0, nK) in Hn, and draw the points
zk = (k,Hk) for k ∈ J0, nK in the plane, as usual using a classical coordinate system: for any 1 ≤ k ≤ n,
draw the segments [zk, zρ(k)] with ρ(k) = max{j < k,Hj = Hk − 1}. An example is given in Fig. 11 for
the map ΦH→Tn .
Contour sequence. The depth first traversal of T is a function
cT : J 0, 2 ‖T‖ K→ T,
defined as follows: first cT (0) = ∅. Assume that the image of J0, jK has been defined for some 0 ≤ j <
2‖T‖, two cases arise:
– if cT (j) has some non-visited children, that is some children not in the list cT (J0, jK), then cT (j + 1) is
the smallest of these children for the lex. order,
– if all the children of cT (j) have been visited, then cT (j + 1) is the parent of cT (j).
Definition 3.4. The contour sequence CT (J 0, 2 ‖T‖ K) of T is the sequence defined by
CT (k) = |cT (k)|, for k ∈ J0, 2‖T‖K, (3.4)
that is the successive heights of the nodes of T when turning around clockwise (see Fig. 10 (iii)).
For any k ∈ J0, 2‖T‖ − 1K, the pair (cT (k), cT (k + 1)) is an edge of T . If T is drawn in the plane, it is
suitable to consider that cT is a walk around the tree, and that for any 0 ≤ k ≤ 2‖T‖,(
cT
(
k − 1 mod 2‖T‖), cT (k), cT (k + 1 mod 2‖T‖)) (3.5)
is the kth corner of the tree. We will call this corner cT (k) for simplicity.
The following result is a classical result in combinatorics (see e.g. [61]).
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Lemma 3.5. For any n ≥ 1, the map which to a tree associates its contour sequence,
ΦT→Cn : Tn −→ Dyck2n
T 7−→ CT
, (3.6)
is a bijection, where Dyck2n is the set of Dyck paths with 2n steps:
Dyck2n = {S(J0, 2nK), S0 = S2n = 0, ∆Si ∈ {−1, 1} and Si ≥ 0, ∀i ∈ J1, 2nK}. (3.7)
The distance between two nodes cT (k) and cT (k
′) in the tree can be expressed in terms of CT :
dT
(
cT (k), cT (k
′)
)
= CT (k) + CT (k
′)− 2C ∧T (k, k′). (3.8)
As represented in Fig. 11, there is also a direct way to associate the contour process of a tree T to its
height process.
Lemma 3.6. The map
ΦH→Cn : Hn −→ Dyck2n
HJ0, nK 7−→ CJ0, 2nK , which sends a height process HJ0, nK (of a
tree T ) to the corresponding contour process (the one of the tree T ) is a bijection.
Proof. The bijection is simple: both processes start at 0, and the contour process ends at 0. The successive
values in HJ1, nK correspond to the first visit times of the nodes according to the lexicographical order.
These heights are then the successive heights of the contour process CJ0, 2nK at the times ti such that
Cti = Cti−1 + 1, since the contour process increases every time a new node is visited.
We will come back to this bijection in the proof of Theorem 5.3.
3.2 Discrete snakes and iteration of discrete snakes
Discrete snakes. Labelings and snakes are defined as in the continuous case.
Definition 3.7. Let T be a planar tree, and cT = (cT (k), 0 ≤ k ≤ 2‖T‖) be its contour sequence. A
labeling of T is a sequence `T = (`T (k), 0 ≤ k ≤ 2‖T‖) such that
cT (k) = cT (k
′)⇒ `T (k) = `T (k′), for all k, k′ ∈ J0, 2‖T‖K.
The tour of the corresponding discrete snake is defined as (CT , LT ), where
CT (k) = |cT (k)|, 0 ≤ k ≤ 2‖T‖,
LT (k) = `(cT (k)), 0 ≤ k ≤ 2‖T‖,
meaning that LT (k) = `(cT (k)) is the label of the kth node visited by the depth first traversal.
Let µ be a probability distribution on R, and let T be a planar tree (deterministic for the moment).
The standard branching random walk with underlying tree T and µ-distributed spatial increments
is defined as follows: attribute to each node u of T different from the root ∅ a random variable Yu where
(Yu, u ∈ T \ {∅}) is a family of independent random variables with common distribution µ, and set
Y∅ = 0. Now, consider the “spatial” labeling ` = (`(u), u ∈ T ) of T defined by
`(u) =
∑
vu
Yv, for any u ∈ T, (3.9)
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where the sum is taken on the set of ancestors v of u. Hence, `(∅) = 0, and along each branch of T the
labels evolve as a random walk with increment distribution µ. This definition extends to random trees,
by sampling first the underlying tree T at random, and by constructing the branching random walk using
spatial increments independent of the tree T .
In the sequel, we will consider only branching random walks with increment distribution
ν :=
1
3
(δ1 + δ0 + δ−1) , (3.10)
so that the child of a vertex with label l has label l−1, l, or l+1 with equal probability. For each branching
random walk with underlying tree T (random or not) and spatial increments ν-distributed, consider the
spatial labeling ` = (`(u), u ∈ T ).
When T has n edges, the label process LT of a labeled tree (T, `) is an element of L2n where, for any
N ≥ 0,
LN = {L(J0, NK), L0 = LN = 0 and ∆Lj ∈ {−1, 0, 1} for any j}. (3.11)
The (tour) of the random discrete snake with n edges, is (CT,LT) for T taken uniformly in Tn.
Discrete conjugation map. We here define a map ΦL→HN similar to the conjugation map (2.14) in
the discrete setting: it sends LN onto HN .
Definition 3.8. For each N ≥ 0, the discrete conjugation map ΦL→HN is the map
ΦL→HN : LN −→ HN
L(J0, NK) 7−→ H(J0, NK) := ΦL→HN (L(J0, NK)) (3.12)
where H is defined by{
H(0) = 0
H(j) = 1 + L
(
A+ j − 1 mod N)− L(A), for j ∈ J1, NK, (3.13)
where A = min argminL(J0, NK) (since L(0) = L(N), necessarily 0 ≤ A < N). An example is shown in
Fig. 12.
A H
L
N = 10
N = 10
Figure 12: The map ΦL→H10 .
 In the discrete case, height processes and contour processes are different objects, and as a matter
of fact, they cannot be obtained by a simple conjugation of Lukaciewish walks (which are “bridge type
trajectories” of random walks with increments in N ∪ {−1} conditioned to end at −1 at the end), since
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the height process ends at a positive position, and contour processes of discrete trees have only steps ±1
(see e.g. [61], in which Lukaciewish walks are called depth first queue processes).
 When A+j−1 passes from N−1 to N , A+j−1 mod N passes from N−1 to 0. Since L(N) = L(0) = 0,
this does not provoke any bad border effect on the increments (∆Hj , 1 ≤ j ≤ N), which all belong to
{+1,−1, 0}.
 Height processes are not exactly elements of the set C0[0, N ] (of continuous functions on [0, N ] starting
and ending at 0), so that the nature of ΦL→HN is a bit different from that of Conj. The composition
ΦH→CN ◦ ΦL→HN will be used and is closer in nature to the conjugation map (see e.g. in Prop.5.5).
Iterated discrete snakes. We define iterated discrete snakes as we did in the continuous case.
Definition 3.9. For any positive integer D, we call Dth random discrete snake of size n, the process
BSn[D] :=
([
C(1)n ,L
(1)
n
]
, . . . ,
[
C(D)n ,L
(D)
n
])
, (3.14)
such that
 C
(1)
n is uniform in Dyck2n (the contour process of a uniform planar tree with n edges),
 if C
(j)
n is defined for some j ≥ 1, L(j)n is the label process of a branching random walk with increment
distribution ν as given in (3.10) with underlying tree T
(j)
n , the tree with contour process C
(j)
n ,
 if for some j ≥ 2, L(j−1)n ∈ L2j−1n is known, then the jth tree T(j)n is defined by its height process,
obtained by conjugation of L
(j−1)
n ,
H(j)n := Φ
L→H
2j−1n(L
(j−1)
n ) ∈ H2j−1n, (3.15)
and its contour process is C
(j)
n = ΦH→C2j−1n
(
H
(j)
n
)
∈ Dyck2jn.
Some simulations for the processes of BS5000[4] are shown in Fig. 13.
 The discrete conjugation map ΦL→HN is length preserving; its image is the set of height processes of
trees with N edges (they are indexed by J0, NK).
 If one observes LJ0, NK, the two extremal values L0 and LN correspond to the labels of the same corner
of the root. This redundancy is suppressed during the construction of H = ΦL→HN (LJ0, NK): the −1 and
+1 shifts in (3.13) correspond to the creation of a new vertex (which is drawn in blue in Fig. 12). This
size difference is not “a problem”: the standard encoding of quadrangulations with n faces by pairs of
trees shares this characteristic [63]. Hence, the construction we propose fits in the case D = 2 with the
case of rooted pointed quadrangulations. This is the main reason why we use this convention.
 The map ΦH→CN sends HN onto Dyck2N . Dyck paths indexed by J0, 2NK are used to construct branching
random walks whose label processes are indexed by J0, 2NK. Therefore, each iteration in the construction
of the iterated snake multiplies the number of edges by 2. The number of edges of the tree T
(j)
n is thus
N (j)n = 2
j−1n. (3.16)
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Figure 13: Simulation of BS5000[4]. On the kth line are the processes C
(k)
5000 and L
(k)
5000. The range decreases
when k increases. The “irregularities” of the processes increase with k.
Normalized versions. Let BSn[D] be the Dth random discrete snake of size n. We need to fix some
normalizing sequences to state the convergence of C
(j)
n and L
(j)
n : the normalization is fixed so that C
(1)
n ,
after normalization, converges to the Brownian excursion e (the right normalization is given in (5.18)).
The normalization of L
(j)
n is chosen in accordance with (5.21). When one iterates, since C
(j+1)
n (at first
order) is obtained by conjugation of L
(j)
n , the normalization of C
(j+1)
n will be the same as that of L
(j)
n .
Hence, if α
(j)
n and β
(j)
n are the natural normalizations of C
(j)
n and L
(j)
n , we have α
(1)
n =
√
2n, and for j ≥ 1,
β(j)n =
√
(2/3)α
(j)
n , α
(j+1)
n = β
(j)
n ,
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Figure 14: Profiles of the iterated trees 0, 1, 2, 3 starting from a tree with 50× 106 nodes (the profile of a
rooted graph, is the sequence (Ni, i ≥ 0), where Ni is the number of nodes at distance i to the root). Observe
how the profiles become smoother and smoother: asymptotically, the first profile converges to the local time of
the Brownian excursion (Biane & Yor [9]), which is known to be itself the Brownian excursion up to a change
of time. The second one converges to the density of the integrated super Brownian excursion, the density of
ISE (see [62, 45] and Chassaing & Louchard [24] for the same result for random rooted quadrangulations with
n faces): it is known to be differentiable (Bousquet-Me´lou & Janson [14]), but is expected not to possess a
second derivative; it appears on this simulation that the following profiles become even smoother.
which gives
α(j)n = (2n)
1/2j (2/3)1−1/2
j−1
, β(j)n = (2n)
1/2j+1(2/3)1−1/2
j
.
We then fix {
c
(j)
n (t) = C
(j)
n (2
jnt) /α(j)n ,
`
(j)
n (t) = L
(j)
n (2
jnt) / β(j)n .
(3.17)
The main important feature, is the order n1/2
j
of (the normalization of) C
(j)
n and n1/2
j+1
of L
(j)
n .
We call normalized Dth random discrete snake the process
bsn[D] :=
([
c(1)n , `
(1)
n
]
, . . . ,
[
c(D)n , `
(D)
n
])
. (3.18)
Each of these processes C
(j)
n and L
(j)
n is considered as being interpolated between discrete points, and
then bsn[D] belongs to
−−−−→
SnakesD. The corner set of c
(j)
n is
ASn,j =
{
k
2N
(j)
n
, 0 ≤ k ≤ 2N (j)n
}
. (3.19)
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The natural corner measure λ
(j)
n on the normalized tree (denoted by t
(j)
n ) encoded by c
(j)
n is
λ(j)n =
1
2N
(j)
n
∑
x∈ASn,j
δx, (3.20)
which is the uniform measure on the (normalized) corner set of the jth tree. The measured version of the
normalized Dth random discrete snake is
bsn[D] :=
([
c(i)n , `
(i)
n , λ
(j)
n
]
, 1 ≤ j ≤ n
)
.
3.3 Feuilletages as measured spaces
We now give the definition of a feuilletage associated to a D-snake. This generalizes Def. 2.15 for
measured (non-necessarily random) objects.
Definition 3.10. The D-feuilletage associated to a D-snake ED =
([
f (j), w(j), µ(j)
]
, 1 ≤ j ≤ D) is the
space denoted by Feuilletage (ED) = [0, 1]/ ∼D, where ∼D is the coarsest equivalence relation on [0, 1]
refining all the following equivalence relations ∼[m] for 1 ≤ m ≤ D, defined for x, y ∈ [0, 1] by
x ∼[m] y ⇔
[
Df (m)
(
x−A(m) mod 1, y −A(m) mod 1
)
= 0 for x, y ∈ Support(µ(m))
]
, (3.21)
where A(m) = min argminw(1) + · · ·+min argminw(m−1), in other words, only the points of [0, 1] encoding
some corners for f (m) will be identified under condition (3.21).
Remark 3.11. The Dth random feuilletage as defined in Def. 2.15) satisfies the identity
r[D]
(d)
= Feuilletage
(
[h(i), `(i), λ], 1 ≤ i ≤ D
)
. (3.22)
Before representing normalized discrete feuilletages as foldings of some discrete snakes, we discuss the
non-normalized feuilletages.
3.3.1 Discrete iterated feuilletages (before normalization)
The construction of the Dth random discrete feuilletage relies on the Dth random discrete snake of size
n. It can be viewed as a procedure “for gluing” the N
(j)
n + 1 nodes of the jth tree in the N
(j)
n = 2N
(j−1)
n
corners of the (j − 1)th tree, one node per corner, except for the exceeding node, the root, which is not
glued. The nodes of the jth tree glued in different corners of the same node of the (j − 1)th tree are
identified. This point of view is detailed in Sec. 6.
In the sequel, for BSn[D] the Dth random discrete snake, we will set
a(j)n := min argmin L
(j)
n , for any 1 ≤ j ≤ D. (3.23)
The discrete conjugation map ΦL→H
N
(j+1)
n
sends the label of the corner c in L
(j)
n (the index of the corner of
the tree T
(j)
n on which L
(j)
n has been defined) to the index a
(j)
n + c − 1 of H(j+1)n , in other words, the
(a
(j)
n + c − 1 mod N (j+1)n )th node of the tree T(j+1)n encoded by H(j+1)n . Hence, in the tree T(j+1)n , the
cth node, for c ≥ 1 corresponds to the corner a(j)n + c− 1 mod N (j+1)n of L(j)n . Again, when we deal with
iterated identifications as we will do, it is easier to use as reference, the index set of the initial tree T
(1)
n .
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Definition 3.12. Let D ≥ 1 and n ≥ 1 be two fixed parameters, and BSn[D] =
([
C
(j)
n ,L
(j)
n
]
, 1 ≤ j ≤ D)
a Dth random discrete snake. Let T
(j)
n be the random planar tree with contour process C
(j)
n ; we recall that
the number of edges of T
(j)
n is N
(j)
n = 2j−1 n.
We call Dth random discrete feuilletage Rn[D] of size n the graph obtained by identification of the
nodes of the T
(j)
n ’s, for j = 1, . . . , D as follows. For all j ≥ 2, for all pairs (c, c′) ∈ J1, N (j)n K2 such
that the corners c and c′ of T(j−1)n are both corners of the same node, identify in T
(j)
n the two nodes
a
(j−1)
n + c− 1 mod N (j)n and a(j−1)n + c′ − 1 mod N (j)n .
 The edges of Rn[D] coincide with those of T
(D)
n , so that the number of edges of Rn[D] is N
(D)
n = 2D−1 n.
 The vertex set of Rn[D] coincides with that of T
(1)
n union the set {r(j)n , 2 ≤ j ≤ D} where r(j)n is the
root of T
(j)
n , since as discussed above the definition, the root of T
(j)
n is new and won’t be identified with
any node of the ∪m≤j−1T(m)n . The number of vertices of Rn[D] is thus n+D.
It remains to normalize this object and to represent it using the map Feuilletage.
3.3.2 Normalized discrete feuilletage as foldings of normalized discrete snakes
Recall the definition of the normalizations (3.17).
Definition 3.13. We call Dth normalized random discrete feuilletage the space
rn[D] = Feuilletage
([
c(j)n , `
(j)
n , λ
(j)
n
]
, for j ∈ J1, DK) . (3.24)
Two important remarks have to be done:
Remark 3.14. The tree T
(j)
n encoded by the contour C
(j)
n defined in Definition 3.12 must be submitted
to a rescaling of order 1/n1/2
j
to converge, so that the scaling depends strongly on j. A priori, this fact
makes unnatural the distance d(1) for which walking on t(j) has a cost “independent from j”, when these
trees appear as limits of the T
(j)
n after much different normalizations. The distance d(2) does not have this
flaw, since all trees T
(j)
n for j < D are used to make identifications, to somehow create shortcuts: their
inner distances are not really used.
The second remark concerns the convergence of (rooted) discrete feuilletages:
Remark 3.15. It is possible to equip the space of feuilletages with the induced distance between the
measured snakes encoding them, or with the (Prohorov)-Gromov-Hausdorff distance between isometry
classes of compact metric spaces, and try to prove that, for one of these metrics, rn[D]
(d)−−→
n
r[D], which is
reasonable guess for both topologies. However, as said several times before, we are not able to prove it for
the moment, for several technical reasons. We will prove the convergence for a pointed version instead,
for a metric defined between corresponding pointed snakes.
4 Pointed variants
The previous constructions, discrete or continuous have the disadvantage of relying on Conj and its
discrete analogue ΦH→C ◦ ΦL→H , which is not continuous, as said previously. The discontinuity of Conj
comes from the following situation: consider f ∈ C0[0, 1] such that
0 < a = min argmin f < b = max argmin f < 1.
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It is easy to construct a sequence of functions (fn) in C
0[0, 1] such that ‖fn − f‖∞ → 0, but
min argmin fn → b,
or such that min argmin fn has {a, b} for set of accumulation points or even, that does not have a nor b
as an accumulation point if # argmin f > 2.
This implies that we cannot deduce the convergence of (fn,Conj(fn)) to (f,Conj(f)) when ‖fn −
f‖∞ → 0, and even if we know that (fn,Conj(fn)) converges uniformly to (f, g), we cannot deduce
that g = Conj(f). The minimal property which would remove this problem would be the proof of the
a.s. uniqueness of argmin `(j) for all j’s, and for the moment, we are not able to prove this uniqueness.
The strategy we adopt instead is to use the fact that Conj(fn) and fn seen as 1-periodic functions
are equal up to a change of origin: instead of working on (C[0, 1], ‖.‖∞), we will use a topology which
allows us to identify functions that are equal up to the change of origin evoked above. The chance is that
this topology coincides with the right topology on pointed trees (that is, which makes two rooted trees
equivalent if they are rooted at corners of the same root vertex). This permits to still get an intuitive
understanding of the phenomenon into play.
4.1 Pointed real trees
By definition, a rooted tree Tg = [0, 1]/ ∼g is rooted at a corner. The different corners of the root are
g−1(0) \ {1}. We call pointed tree an equivalence class of trees rooted at the different corners of the same
root vertex. For any a ∈ [0, 1], formally define the a-shift Ψa as the following map defined on C0[0, 1]:
Ψa : C
0[0, 1] −→ C0[0, 1]
g 7−→ x 7→ Ψa(g)(x) = g(x+ a mod 1)− g(a),
(4.1)
which is a conjugation map, meaning the exchange of “two sections” of the graph of g, but starting from
a given corner a instead of min argmin g. Of course, for any f ∈ C0[0, 1],
Conj(f) = Ψmin argmin(f)(f). (4.2)
Introduce the following equivalence relation on C0[0, 1]: we say that f ∼Ψ g if there exists a ∈ [0, 1]
such that g = Ψa(f). Denote the quotient space by
QC0[0, 1] = C0[0, 1]/∼Ψ, (4.3)
and denote by f the class of a function f .
Remark 4.1. A measure component can be added: Ψa then acts on C
0[0, 1] ×M([0, 1]) with values in
C0[0, 1]×M([0, 1]), with (a slight abuse of langage): Ψa(f, µ) = (f ′, µ′) for f ′ = Ψa(f) as defined above
and µ′(·) = µ(·+ a mod 1).
The following proposition is proven in Sec. 5.3.
Proposition 4.2. The map DΨ : QC
0[0, 1]
2 → R+ defined by
DΨ(g1, g2) = inf
a
‖g1 −Ψa(g2)‖∞ (4.4)
is a distance on QC0[0, 1] and equipped with this distance, QC0[0, 1] is a Polish space (for the measured
extension, add the total variation distance between the measure components).
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For any f ∈ C0[0, 1] denote by
PointedTreeClass(f) = {Ψa(f), a ∈ argmin(f)} . (4.5)
The following result is immediate:
Lemma 4.3. Two functions f and g in C+[0, 1] are in the same tree class (that is, PointedTreeClass(f) =
PointedTreeClass(g)) iff there exists a ∈ [0, 1] such that
f(·) = g(·+ a mod 1), (4.6)
in which case
a ∈ argmin(g) = g−1(0). (4.7)
Hence, two rooted trees are in the same pointed tree class if each tree can be obtained from the other by
a rerooting at a corner of the root vertex (for the measured version, the push-forward measure of the root
corner of µf is required to coincide with that of µg, as explained in Rem. 2.9).
The next lemma is a direct consequence of Proposition 4.2 and its proof.
Lemma 4.4. The map DΨ is a distance on the set of pointed tree classes (with a simple adaptation for
measured pointed tree classes).
Definition 4.5. A sequence of pointed trees with classes of contour processes cn is said to converge to c
if DΨ(cn, c)→ 0.
The following proposition will be proven in Sec. 5.4.
Proposition 4.6. Let y,y0,y1, · · · be a sequence of processes taking their values in C0[0, 1] such that
yn
(d)−−→
n
y in (C[0, 1], ‖.‖∞).
(i) The sequence (Conj(yn), n ≥ 0) is tight in C[0, 1]. The limits of the converging subsequences (in
C[0, 1]) are all in the tree class of Conj(y).
(ii) If a.s. # argmin y = 1, then Conj(yn)
(d)−−→
n
Conj(y) in C[0, 1].
(iii) yn
(d)−−→
n
y in QC0[0, 1].
(iv) Conj(yn)
(d)−−→
n
Conj(y) in QC0[0, 1].
4.2 Pointed snakes
We extend the notion of pointed trees to pointed snakes:
Definition 4.7. Two snakes (f1, w1) and (f2, w2) taken in
−−−−→
Snakes are said to be the same pointed snake
if there exists a ∈ [0, 1] such that,
(f1(x), w1(x)) = (f2(x+ a mod 1), w2(x+ a mod 1)) , for all x ∈ [0, 1]. (4.8)
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Again, as for the case of pointed trees (Def. 4.3), if (4.8) holds, then a ∈ argmin(f2) = f−12 (0) (notice
that w2(a) = 0 as a is a corner of the root, so that Ψa(w2)(x) = w2(x + a mod 1)). “To be the same
pointed snake” is an equivalence relation ∼•. The state space of pointed snakes is
Snakes• =
−−−−→
Snakes/ ∼• . (4.9)
Denote by pi• the canonical projection from
−−−−→
Snakes to Snakes•. A distance on Snakes• is given by the
following extension of DΨ (we keep the same notation):
DΨ((f1, w1), (f2, w2)) = inf
a
(‖Ψa(f1)− f2‖∞ + ‖Ψa(w1)− w2‖∞) . (4.10)
We call D-pointed snake an element of Snakes•,D := (Snakes•)D. We equip this set with the distance
DΨ,D
[
([fj , wj ], 1 ≤ j ≤ D), ([f ′j , w′j ], 1 ≤ j ≤ D)
]
=
D∑
j=1
DΨ
(
(fj , wj) ,
(
f ′j , w
′
j
))
. (4.11)
Definition 4.8. An element [(fi, wi), 1 ≤ i ≤ D] of −−−−→SnakesD is said to be consistent if fi+1 ∼Ψ wi for
every 1 ≤ i ≤ D − 1.
Again this extends to measured pointed snakes: two measured (rooted) snakes (f, w, µ) and (f ′, w′, µ′)
are said to be in the same measured pointed snake class, if for some a ∈ argmin f ,(
f(a+ x mod 1), w(a+ x mod 1), µ(a+ . mod 1)
)
=
(
f ′(x), w′(x), µ′
)
, for all x ∈ [0, 1]. (4.12)
We extend the projection pi• to measured (rooted) snakes. The set of measured pointed snakes obtained
in such a way can be equipped with a metric which extends DΨ,D by adding the total variation distance
between the corner measures of the trees.
Branching random walks and pointed snakes
Consider a branching random walk with underlying tree a rooted tree T as defined in Section 3.2.
The branching random walk is defined by some spatial increments placed on the vertices of T different
from the root. A change of root corner can be done without modification of the spatial increments, which
amounts, eventually, to just shifting the encoding processes of this labeled tree as follows. Let (CT , LT )
be the tour of a discrete snake with underlying rooted tree T , where CT = (|ct(k)|, 0 ≤ k ≤ 2‖T‖) is the
contour process of T , and let
R = (argminCT ) \ {2‖T‖}
be the set of corners of the root vertex of T . For each element a ∈ R, call T (a) the tree T rerooted at its
corner a. Since CT (a) = LT (a) = 0, the tour of the discrete snake now indexed by T (a) is simply,
CT (a)(k) = CT (a+ k mod 2‖T‖), (4.13)
LT (a)(k) = LT (a+ k mod 2‖T‖) for 0 ≤ k ≤ 2‖T‖. (4.14)
The set of discrete snakes
(
(CT (a), LT (a)), a ∈ R
)
forms a discrete (non-normalized) pointed snake.
35
Remark 4.9. The normalized processes c
(j)
n ,`
(j)
n were defined in (3.17). h
(j+1)
n is obtained by conjugating
`
(j)
n . We do not impose the consistence condition (Def. 4.8) in the initial definition of Dth pointed snakes,
because in the discrete case, the processes c
(j+1)
n and `
(j)
n are not in general in the same class modulo ∼Ψ
(while the continuous Dth Brownian snake is consistent).
Definition 4.10. We call Dth pointed Brownian snake a process taking its values in Snakes•,D,
bs•[D] :=
(
pi•
[
h(j), `(j)
]
, 1 ≤ j ≤ D
)
, (4.15)
where bs[D] =
([
h(j), `(j)
]
, 1 ≤ j ≤ D
)
is a Dth Brownian snake. For the measured version, the measure
of each tree is λ.
The process
bs•n[D] :=
(
pi•
[
c(j)n , `
(j)
n
]
, 1 ≤ j ≤ D
)
. (4.16)
is called Dth (normalized) random pointed discrete snake. For the measured version, the measure of the
jth tree is λ
(j)
n as defined in (3.20).
Notice that λ
(j)
n is invariant by change of root. Also, we only define pointed random discrete objects
for the normalized versions, so that we will drop the “normalized” in the name of the objects to avoid
lengthy names.
Dth random pointed discrete snake and convergence
Theorem 4.11. The sequence of (normalized) Dth random pointed discrete snake converges in distribu-
tion towards the Dth pointed Brownian snake:
bs•n[D]
(d)−−→
n
bs•[D] in
(
Snakes•,D, DΨ,D
)
.
The result extends to the measured version.
This will be proven in Sec. 5.5.
Remark 4.12. Theorem 4.11 may seem somewhat weaker than it is: recall Section 2.4.2 about the
synchronization of trees. Since the rooted tree c(1) is a Brownian excursion, and thus a.s. reaches 0 only
at 0 and 1, the pointed tree class of c(1) possesses a unique rooted tree. Again, using Section 2.4.2, a.s.
there is a single well-defined way to synchronize the trees c(1), · · · , c(D) since none of the c(j) are periodic
(see the argument of the third point of Theorem 5.7). However, the synchronization does not apply to the
discrete snakes bs•n[D], at least not directly, because c
(j)
n is not obtained from `
(j−1)
n by a simple change
of origin (as explained in Rem. 4.9).
Remark 4.13. Theorem 4.11 implies that the right scale for the tree encoded by h
(D)
n has to be n1/2
D
,
since normalized by this quantity, it converges (as a pointed tree) to a non-trivial limit.
We are not able to write an analogue of Theorem 4.11 for rooted iterated snakes as said several times,
because of the non-continuity of Conj: pointed iterated snakes are simpler and it is the case even for
bs•[2], which appears in relation with the rooted-pointed quadrangulations.
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4.3 Convergence of random pointed iterated discrete feuilletages
We introduce the notions of iterated random feuilletages, rooted and pointed, discrete and continuous.
All these objects are encoded by iterated snakes (rooted and pointed), in which some corner measures
encode the positions of the nodes. In this subsection, we define a topology for which the convergence of
discrete pointed snakes extends to the convergence of pointed discrete random feuilletages.
Definition 4.14. Consider a measured pointed D-snake E•D = (pi•[f
(i), w(i), µ(i)], 1 ≤ i ≤ D) in Snakes•,D.
We call pointed feuilletage associated with E•D, denoted by Feuilletage (E
•
D), the set of (rooted) feuilletages
{Feuilletage (ED) for ED ∈ E•D} associated with the (rooted) snakes in the class of E•D.
Recall the definitions 2.15 and 3.13 of r[D] and of rn[D] defined using bs[D] and bsn[D].
Definition 4.15. We call:
 (measured) Dth pointed random feuilletage, the space
r•[D] = Feuilletage
(
pi•
[
h(i), `(i), λ
]
, 1 ≤ i ≤ D
)
,
 (measured normalized) Dth pointed random discrete feuilletage, the space
r•n[D] = Feuilletage
(
pi•
[
c(i)n , `
(i)
n , λ
(i)
n
]
, 1 ≤ i ≤ D
)
.
For this topology, the convergence of discrete pointed snakes (Theorem 4.11) extends immediately to
the convergence of pointed discrete random feuilletages:
Theorem 4.16. For any D ≥ 1,
r•n[D]
(d)−−→
n
r•[D] (4.17)
for the topology induced by DΨ.
However, this convergence does not imply the convergence for the Gromov-Hausdorff distance.
Remark 4.17. Theorem 4.16 implies that the sequence of diameters of r•n[D] (seen as graphs with edge-
lengths) is tight, so that, without edge normalization, an upper bound on the scale of the Dth random
discrete feuilletage is n1/2
D
(we expect n1/2
D
to be the right normalization).
4.4 A variant for the feuilletage
We present here a variant which has the property to provide a feuilletage which scales clearly in n1/2
D
.
However, we will just sketch this alternative construction, as it seems to us that it breaks the invariance
by change of pointed vertex; moreover the representations of the trees T
(D)
n using linear processes and the
study of their asymptotics seems less tractable.
In the construction detailed in this paper, the tree T
(3)
n is first constructed using the label process
L
(2)
n of the tree T
(2)
n . Two nodes of T
(3)
n are subject to two identifications: gluing the nodes of T
(3)
n
in the corners of T
(2)
n forms a quadrangulation Q
(2,3)
n , and the labels L
(3)
n can be used to recover the
distances in this quadrangulation: hence the right scale of Q
(2,3)
n is n1/8. However, the corners of T
(2)
n
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that are identified using T
(1)
n may have different labels (for L
(2)
n ): the identification by T
(1)
n produces some
shortcuts in Q
(2,3)
n ; it is not easy to prove the scale n1/8 for Rn[3].
We propose the following variant: we can adapt the labeling of T
(2)
n , so that when identifying the
vertices of the variant tree T
(3),?
n according to the vertices of T
(1)
n , only vertices that have the same label
are identified. To do this, we can for instance keep in memory for each vertex v of T
(1)
n , the list cv1, ..., c
v
deg(v)
of its corners (in T
(1)
n ). Every vertex of T
(2)
n but one corresponds to a corner of T
(1)
n . Then, to construct
the variant labeling of T
(2)
n , proceed as follows: following the contour sequence, turn around around the
tree T
(2)
n ; when visiting the kth node uk of T
(2)
n , two cases arise:
 If the node uk is identified by T
(1)
n with a node uj of T
(2)
n with smaller index (j < k), then label uk with
the label of uj .
 If the node uk is not identified by T
(1)
n with a node of smaller index, then label this node (in T
(2)
n ) with
the label of its father (in T
(2)
n ) in which is added a random variable ν-distributed. By this construction,
the labeling attributed to the k first vertices of T
(2)
n forms an interval of Z, from what we can see that
still a tree T
(3),?
n can be constructed by adding (in T
(2)
n ) an edge between uk and the last corner with label
that of uk minus 1).
It allows building a planar map Q
(2,3)
n
? when identifying the vertices of T
(3),?
n according to those of
T
(2)
n , but now when identifying the vertices of Q
(2,3)
n
? according to those of T
(1)
n , we identify vertices which
are at the same distance to the pointed vertex in Q
(2,3)
n
?, so that the distances are conserved. We now
sample n+2 random variables ν distributed to label T
(2)
n instead of 2n+1 times in the usual construction,
however the standard diameter of T
(3),?
n and of Q
(2,3),?
n , and now of the resulting feuilletage has scale n1/8.
A similar construction can be proposed for Rn[D] and D > 3: the labeling of T
(D−1),?
n is then produced
so that the identifications by the trees (T
(j),?
n , j ≤ D − 2) only identify nodes in T (D−1),?n with the same
label.
5 Proofs
5.1 Some cornerstones of the proofs
We factorize here some ingredients of the proofs of the theorems.
5.1.1 Main arguments to prove the continuity of processes, and of limits of processes
The q-Ho¨lder exponent of a function f : [0, 1]→ R is defined as
Holq(f) := sup
0≤x<y≤1
|f(x)− f(y)|
|x− y|q .
The function f is said to be q-Ho¨lder for some q ∈ (0, 1) (shorthand for Ho¨lder with exponent q) if
Holq(f) < +∞. Needless to say that a q-Ho¨lder function is continuous.
A random process X is said to be Ho¨lder continuous with exponent q, if a.s. Holq(X) is finite. We
recall Kolmogorov’s continuity criterion (see e.g. Kallenberg [46, Theo.2.23] or Revuz-Yor [74, Theo.2.1
p.26]):
Theorem 5.1. Let X be a process indexed by [0, 1] taking its values in R; if for some a, b > 0,
E (|Xs −Xt|a) ≤ C|s− t|1+b, for all s, t ∈ [0, 1],
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then X has a continuous version, and for any c ∈ (0, b/a), it is a.s. Ho¨lder continuous with exponent c.
Definition 5.2. A sequence of processes (Xn) defined on [0, 1] is q-Ho¨lder tight, if for any ε > 0, there
exists M > 0 and N ≥ 1, such that for any n ≥ N ,
P
(
Holq(Xn) ≤M
) ≥ 1− ε, (5.1)
and if (Xn(0)) is tight.
Under this condition, if (Xn) is q-Ho¨lder tight for some q ∈ (0, 1], then (Xn) is tight on C[0, 1]
(since the subset of C[0, 1] of functions that satisfy |f(0)| ≤ C and Holq(f) ≤ M is a compact subset of
C[0, 1]). Another criterion for tightness is the famous “moment condition” which is a bit more restrictive:
additionally to the tightness of (Xn(0)), the existence of positive constants α, β, γ such that
sup
n≥N
E(|Xn(x)−Xn(y)|α) ≤ γ|x− y|β, for any x, y ∈ [0, 1] (5.2)
ensures that for any c ∈ (0, β/α), any limit of any converging subsequence of the sequence (Xn) is a.s.
Ho¨lder continuous with exponent c (Kallemberg [46, Cor.14.9]).
5.1.2 Height and contour processes are asymptotically indistinguishable
The next theorem is folklore (and can be found in [61] in the case of critical Galton-Watson trees
whose offspring distributions own exponential moments). For the sake of completeness we provide a proof
in the degree of generality needed here.
Theorem 5.3. Let (r(n)) be a sequence of elements of (0,+∞), such that r(n)→ +∞ and r(n) = o(n).
For any n, let µn be a distribution on Tn, the set of trees with n edges. Denote by hn and cn the normalized
height and contour processes of Tn picked according to µn, and defined by
hn(x) :=
HTn(nx)
r(n)
, for x ∈ [0, 1], (5.3)
cn(x) :=
CTn(2nx)
r(n)
, for x ∈ [0, 1]. (5.4)
If hn
(d)−−→
n
h in (C[0, 1], ‖.‖∞), then (hn, cn) (d)−−→
n
(h,h) in C[0, 1]2 (in other words limiting contour and
height processes are asymptotically indistinguishable, c = h).
Proof. We start with some considerations valid for any deterministic planar tree T . Let u0, · · · , u‖T‖ be
the nodes of T sorted according to the lex. order. Denote by
mT (k) = inf
{
j, cT (j) = uk} (5.5)
the first visit time of uk by the depth first traversal, or equivalently, the index of the first corner of uk. A
simple induction allows proving that
mT (k) = 2k −HT (k), for any k ∈ J0, ‖T‖K (5.6)
(see [61, Lemma 2]), and for any p, and any k ∈ JmT (p),mT (p+ 1)− 1K,
HT (p+ 1)− 1 ≤ CT (k) ≤ HT (p), (5.7)
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by [61, Lemma 3] (this can be proved by a simple induction again). Hence, for any k,{
2k −maxHT ≤ mT (k) ≤ 2k, ∀k ∈ J0, ‖T‖K,
mT (k) ≤ 2k ≤ mT (k) + maxHT ≤ mT (min{k + maxHT , ‖T‖}),
(5.8)
since mT (k + 1) ≥ mT (k) + 1.
Now, defining ∆T := maxp |HT (p)−HT (p+ 1)|+ 1, from (5.8) and (5.7),
sup
p∈J0,‖T‖K {|CT (mT (p))− CT (2p)|} ≤ ∆T + wmaxHT (HT ), (5.9)
where wδ(f) = max{|f(x) − f(y)|, |x − y| ≤ δ} is the modulus of continuity of f . Indeed, CT (mT (p)) =
HT (p) and CT (2p) coincide, up to an additive term bounded by ∆T , with HT (j) for j such that mT (j) ≤
2p ≤ mT (j + 1) − 1 (by (5.7)). Therefore, by (5.8), 2j − maxHT ≤ 2p ≤ 2(j + 1) − 1, so that j ∈J(2p− 1)/2, p+ maxHT /2K = Jp, p+ maxHT /2K.
Let us now prove that under the hypotheses of the theorem, for a random tree Tn taken under µn,
sup
p
|CTn(2p)−HTn(p)|
r(n)
(d)−−→
n
0. (5.10)
Taking into account the convergence hn
(d)−−→
n
h, this implies that ‖cn−hn‖∞ (d)−−→
n
0, and the continuity of
cn allows concluding. By (5.9), it suffices to prove that ∆Tn/r(n)
(d)−−→
n
0, and wmaxHTn (HTn)/r(n)
(d)−−→
n
0.
 By (5.7), since hn
(d)−−→
n
h, for any ε′, ε > 0, there exists δ > 0 such that
lim
n
P
(
wδ(hn) > ε
) ≤ ε′. (5.11)
In particular, for any ε > 0, limn P
(
∆Tn ≥ εr(n)
)→ 0.
 For some M > 0, denote by En,M the event
En,M = {maxHTn ≤Mr(n)}.
Since the normalized height process converges in (C[0, 1], ‖.‖∞), then r(n)−1 maxHTn is tight, so that for
any ε > 0, there exists M such that P(En,M ) ≥ 1− ε for n large enough. Hence, for some a > 0, write
P
(
wmaxHTn (HTn)/r(n) ≥ a
) ≤ ε+ P(wmaxHTn (HTn)/r(n) ≥ a,En,M)
≤ ε+ P(wMr(n)(HTn)/r(n) ≥ a).
Since wMr(n)(HTn)/r(n) = wMr(n)/n(hn) and r(n) = o(n) by hypothesis (we have Mr(n)/n → 0), and
by (5.11), P(wmaxHTn (HTn)/r(n) ≥ a)→ 0 for any a > 0.
5.2 Proof of Theorem 2.12
By Kolmogorov’s continuity criterion, the Brownian motion, which satisfies Bt − Bs (d)=
√
(t− s)B1,
is q-Ho¨lder for any q ∈ (0, 1/2), because E (|Bt −Bs|γ) ≤ cγ |t − s|γ/2, where cγ = E(|B1|γ) < +∞. The
Brownian excursion e is also q-Ho¨lder for any q ∈ (0, 1/2), since e can be represented as the rescaled
excursion of a Brownian motion that straddles 1:
(et, 0 ≤ t ≤ 1) (d)=
( |Bd+(g−d)t|√
d− g , 0 ≤ t ≤ 1
)
,
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where g = sup{t < 1, Bt = 0} and d = inf{t > 1, Bt = 0}. From this representation, since
√
d− g is a.s.
finite, one sees that the Brownian excursion is q-Ho¨lder.
Now, assume by induction that we have proven that h(j) is q-Ho¨lder for any q ∈ [0, 1/2j) and more
precisely that we proved that for any q ∈ [0, 1/2j), for any ε > 0, there exists M such that
P
(
Holq(h
(j)) ≥M) ≤ ε. (5.12)
Let us prove that this property is also true for j + 1.
Consider the event Ej,q,M = {Holq(h(j)) ≤ M}. Since `(j)(x) − `(j)(y) (d)= N (0, Dhj (x, y)), for any
a ≥ 1, any x, y ∈ [0, 1],
E
(∣∣∣`(j)(x)− `(j)(y)∣∣∣a |Ej,q,M) = E(|N1|a)E(Dhj (x, y)a/2 |Ej,q,M) (5.13)
≤ E(|N1|a)2a/2Ma/2(x− y)qa/2 (5.14)
≤ C(x− y)qa/2 (5.15)
because Dhj (x, y) ≤ 2M |x−y|q on Ej,q,M , as for any u in [s, t], |hj(s)−hj(u)|+|hj(t)−hj(u)| ≤ 2M(t−s)q.
Hence, conditionally on Ej,q,M , `
(j) satisfies Kolmogorov’s criterion, and it is then q/2-Ho¨lder. It follows
readily that for M ′ large enough, P
(
Holq/2(`
(j)) ≥ M ′) ≤ ε. Now, if a function f is q-Ho¨lder, so does
Conj(f), from what we conclude. 
5.3 Proof of Proposition 4.2
First, DΨ is a distance on QC
0[0, 1]: since DΨ is symmetric, in fact the main point is that in (4.4),
the inf can be replaced by a min. For this, take a sequence an such that ‖g1 − Ψan(g2)‖∞ → infa ‖g1 −
Ψa(g2)‖∞. Extract from this sequence a converging subsequence (this is possible since (an) lives in
the compact set [0, 1]); let b be the limit of this subsequence (ank , k ≥ 0). Since equicontinuity and
pointwise convergence imply uniform convergence (on a compact set), ‖Ψank (g2)−Ψb(g2)‖∞ → 0 (since
the functions in {Ψa(g2), a ∈ [0, 1]} are equicontinuous). Therefore, DΨ(g1, g2) = limk ‖g1−Ψank (g2)‖∞ =
‖g1−Ψb(g2)‖∞. This shows that the infimum is reached and can be replaced by a min. From here, we see
that if DΨ(f, g) = 0, then there exists b ∈ [0, 1] such that f = Ψb(g), so that f = g in QC0[0, 1]. Using
this property, the triangular inequality for DΨ follows: take b1, b2 such that
DΨ(f1, f2) +DΨ(f2, f3) = ‖f1 −Ψb1(f2)‖∞ + ‖f2 −Ψb2(f3)‖∞
= ‖f1 −Ψb1(f2)‖∞ + ‖Ψb1(f2)−Ψb2+b1(f3)‖∞
≥ ‖f1 −Ψb2+b1(f3)‖∞ ≥ minc ‖f1 −Ψc(f3)‖∞ = DΨ(f1, f3),
from what we conclude.
Now, QC0[0, 1] is Polish: just use the fact that the canonical projection from C[0, 1] to QC0[0, 1] is
1-Lipschitz: DΨ(f, g) ≤ ‖f − g‖∞. This allows seeing that the canonical projection of a countable dense
subset of C[0, 1] is countable and dense in QC0[0, 1]. Now take a Cauchy sequence (fn) in QC
0[0, 1]. Take
any sequence (bn) in [0, 1], and an element fn in fn for each n. We claim that the sequence (Ψbn(fn))
contains a converging subsequence in C[0, 1]. By the Arzela-Ascoli theorem it suffices to check that this
sequence is bounded and uniformly continuous. First, the sequence (‖Ψbn(fn)‖∞) is bounded (because
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Range(fn) := max fn −min fn is a class invariant: if along a subsequence, Range(fn) → +∞, then (fn)
cannot be Cauchy, since DΨ(f, g) ≥ |Range(f)− Range(g)|).
In the same way, the following “circular” class invariant continuity modulus of f ,
wδ(f) := max{|f(x)− f(y)|, dR/Z(x, y) ≤ δ},
considering in this formula f as 1-periodic over R, can be compared to the standard modulus of continuity:
wδ(f) ≤ wδ(f) ≤ 2wδ(f). (5.16)
Assume that (fn) is Cauchy in QC
0[0, 1]: there exists an array (bn,m, n,m ≥ 0) such that ‖fn −
Ψbn,m(fm)‖∞ → 0, for n,m ≥ N and N → +∞. Let ε > 0 be fixed, and N be large enough (and
fixed) such that
sup
n,m≥N
∥∥fn −Ψbn,m(fm)∥∥∞ ≤ ε. (5.17)
Let also δ > 0 be small enough such that
wδ(fN ) ≤ ε.
By (5.17), wδ
(
Ψbn,m(fm)
)
< 2ε, and then wδ (fm) ≤ 4ε for allm ≥ N . Hence the sequence (fm) is bounded
and equicontinuous, so that it is relatively compact (by the Arzela-Ascoli theorem). Hence, there exists
a converging subsequence (fnk) in C[0, 1]. Let f be the limit of this sequence. From here, it is easy to
conclude that fn → f in QC[0, 1]: by the triangular inequality, DΨ(fn, f) ≤ DΨ(fn, fnk) + DΨ(fnk , f),
and then taken the converging subsequence for (fnk), we get that fnk converges to f in QC
0[0, 1] and
then (fn) converges to f too.
5.4 Proof of Proposition 4.6
(i) If yn
(d)−−→
n
y, by Skhorohod’s theorem, there exists a probability space Ω˜ where some copies y˜n
(d)
= yn,
y˜
(d)
= y, are defined, for which y˜n
(as.)−−−→
n
y˜. By Arzela-Ascoli, a subset K of C[0, 1] is relatively compact iff
supg∈K ‖g‖∞ < +∞, and if for any δ, supg∈K wδ(g) < +∞. Since for any g ∈ C[0, 1]+, g(0) = g(1) = 0,
then for any a ∈ [0, 1], wδ(Ψa(g)) ≤ 2wδ(g). It follows that if K is a subset of C[0, 1]+ relatively compact
in C[0, 1], then K′ := ⋃a∈[0,1] Ψa(K) is also relatively compact. From the tightness of (yn, n ≥ 0), we can
therefore deduce the tightness of (Conj(yn), n ≥ 0).
Consider the sets A = min argmin y˜ and an = min argmin y˜n. First, ‖y˜n − y˜‖∞ → 0 ⇒ min y˜n →
min y˜, and this entails that d(an, A)→ 0. Indeed, if for a subsequence d(anm , A) 6→ 0, then, by compacity,
a subsequence a′nm (of this subsequence) would converge in [0, 1] to a point x /∈ A and at this point
y˜x ≤ min y˜, a contradiction. Hence, the accumulation points of (an) belong to A. If a converging
subsequence amn tends to some a ∈ A, Conj(`mn)→ Ψa(`) in C[0, 1].
(ii) Use the same Skhorohod embedding as in (i). Now, in C[0, 1], the map g 7→ min argmin g is not
continuous, but if g ∈ C[0, 1] reaches its minimum only once, then ‖gn − g‖∞ → 0 ⇒ min argmin gn →
min argmin g. Hence, on the space Ω˜, min argmin y˜n
(as.)−−−→
n
min argmin y˜, and since ‖y˜n − y˜‖∞ (as.)−−−→
n
0,
from (4.2), we conclude.
(iii) This is a consequence of (i): since the sequence (Conj(yn), n ≥ 1) is tight in C[0, 1], from each
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subsequence (Conj(ynm),m ≥ 1) of this sequence, one can extract a weakly converging subsequence
(Conj(ynmk ), k ≥ 1), and still by (i) the accumulation point in QC0[0, 1] is y. Using the Skhorohod
embedding, we can find a probability space on which the copies of these random variables converge
a.s. (written with an extra ?):
DΨ(Conj(y
?
nmk
),Conj(y?))→ 0.
Since DΨ(Conj(y
?
nmk
),Conj(y?)) = DΨ(y
?
nmk
,y?), along this subsequence, y?nmk
(as.)−−−→
n
y? in QC0[0, 1],
from what we deduce that y?nmk
(d)−−→
n
y? in QC0[0, 1]. Since the limit coincides with y in distribution in
QC0[0, 1], its distributions does not depend on the extracted subsequence, (iii) holds.
(iv) This is a consequence of (iii), since the class of Conj(yn) (resp. Conj(y)) in QC
0[0, 1] is the same as
that of yn (resp. y).
5.5 Proof of Theorem 4.11
The proof is done by induction. Before writing the proof, we need to state several propositions. The
convergence for the case D = 1, is a consequence of a result already known:
Proposition 5.4. [Marckert & Mokkadem [62], Janson & Marckert [45]] Let ν be a centered distribution
having moments of order 4 + ε for some ε > 0, and variance σ2 > 0. Consider (Tn,LTn) a branching
random walk, constructed on a random tree Tn picked uniformly in Tn. The following convergence in
distribution holds in C([0, 1],R2) equipped with the topology of uniform convergence:(
CTn(2nx)√
2n
,
LTn(2nx)
n1/421/4σ
)
x∈[0,1]
→ (e, r), (5.18)
where e is the normalized Brownian excursion and, conditionally on e, r is distributed as a centered
Gaussian process with covariance matrix
cov(rx, ry) = e
∧
(x, y).
The convergence of the first marginal in Proposition 5.4 is equivalent to the convergence of uniform
planar trees to Aldous’ continuum random tree: if Tn is picked uniformly in Tn, then
CTn(2n.)√
n
(d)−−→
n
√
2 e. (5.19)
This theorem can be found in Aldous [3, 61] as a particular case of the convergence of the contour process
of Galton-Watson trees conditioned by their size n (as n→ +∞).
For the second marginal convergence, the main ingredient is the central limit theorem: for 2nx ∈ N,
conditionally on C2nx, R2nx is a sum of C2nx centered i.i.d. r.v. with variance σ
2; hence
R2nx
σ
√
C2nx
=
R2nx
σ(2n)1/4
(2n)1/4√
C2nx
is close to a normal random variable N (0, 1). One therefore perceives, according to the convergence
(2n)1/4√
C2nx
(d)−−→
n
1/
√
ex, the one-dimensional convergence of the second marginal, as stated in (5.18). (The
finite dimensional convergence can be proved using this argument, but the tightness needs additional
work).
Now, in order to complete the induction we need the three following propositions.
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Proposition 5.5. Let (r(n)) be a sequence such that r(n) → +∞ and r(n) = o(n). Assume that
(Ln, n ≥ 0) is a sequence of processes such that for every n, Ln = Ln([0, n]) takes its values in Ln, and
such that the normalized and interpolated process `n :=
(
Ln(nt)
r(n) , 0 ≤ t ≤ 1
)
converges in distribution
`n
(d)−−→
n
` in C[0, 1],
where a.s., ` has no period in the following sense: if `(a+ x mod 1) = `(x) for all x ∈ [0, 1], then a ∈ Z.
In this case, letting 
Cn := Φ
H→C
n (Φ
L→H
n (Ln))
cn(t) = Cn(2nt)/r(n), t ∈ [0, 1]
c′n = Conj(`n)
we have
‖cn − c′n‖∞ → 0 in probability, as n→ +∞. (5.20)
This proposition does not imply the convergence of cn or c
′
n; again, the convergence of (`n) does not
imply that of (Conj(`n)).
Proof. Write Hn = Φ
L→H
n (Ln), hn(·) = Hn(n·)/r(n) and Cn = ΦH→Cn (Hn). From Proposition 4.6, the
sequence (Conj(`n)) is tight in C[0, 1]. Consider a converging subsequence (Conj(`nk)), and let us observe
that Conj(`nk) and (hnk) are asymptotically indistinguishable, in the sense that
‖c′nk − hnk‖∞ = ‖Conj(`nk)− hnk‖∞ → 0 in probability when k → +∞.
The reason is that ‖Conj(`n) − hn‖∞ ≤ 2/r(n) since there is at most one abscissa discrepancy of one
(normalized) step between the two constructions, and since in the definition of ΦL→Hn (Defi. 3.8) there is
an additional +1 (which after normalization becomes 1/r(n)).
Now, Theorem 5.3 allows us to write ‖hnk − cnk‖ → 0 (in proba.) and then to conclude.
Proposition 5.6. Under the hypotheses of Proposition 5.5, (`n, cn) converges in C[0, 1] × QC[0, 1] to
some limiting process (`, c), and a.s., for any c ∈ c, there exists a unique a ∈ [0, 1) such that
c(.− a mod 1) = `,
in other words, there is almost surely a unique shift sending ` onto c.
Proof. The convergence of `n
(d)−−→
n
` in C0[0, 1] implies the convergence of `n
(d)−−→
n
` in QC0[0, 1]. Since
for any n, DΨ(c′n, `n) = 0, we can deduce that DΨ(c, `) = 0. Since ` has a.s. no period, for c fixed in c,
there exists a unique a ∈ [0, 1] such that c = Ψa(`).
Theorem 5.7. Let (r(n)) be a sequence such that r(n) → +∞. For any n, let µn be a distribution on
Tn. Consider a branching random walk with underlying tree Tn, a random tree with law µn, and spatial
increment ν (see (3.10)). Denote by Ln the associated corner label process. Let (cn, `n) be the normalized
versions of the contour and label processes defined by
cn(x) =
CTn(2nx)
r(n)
, for x ∈ [0, 1] (5.21)
`n(x) =
Ln(2nx)√
2r(n)/3
, for x ∈ [0, 1]. (5.22)
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If cn
(d)−−→
n
c in (C[0, 1], ‖.‖∞) and if the sequence (cn) is q-Ho¨lder tight for some q ∈ (0, 1), then:
 the pair (cn, `n) converges in distribution to (c, `) in (C[0, 1]
2, ‖.‖∞), where conditionally on c, ` is a
Gaussian process with covariance matrix
cov(`(x), `(y)) = c
∧
(x, y); (5.23)
 the sequence (`n) is q
′-Ho¨lder tight, for any q′ ∈ (0, q/2).
 If c is different from the zero process with probability 1, then a.s. ` has no period (in the sense of
Proposition 5.5).
Proof. We prove separately the convergence of the finite dimensional distributions, and the tightness.
 Since cn
(d)−−→
n
c, by Skhorohod representation theorem, there is a probability space on which some copies
c˜n
(d)
= cn, c˜
(d)
= c are defined, such that c˜n
(as.)−−−→
n
c˜. Let us work on this space. Now, by the standard central
limit theorem, one proves easily the convergence of the finite dimensional distributions of the sequence of
processes `n to those of the Gaussian process with covariance matrix specified in (5.23).
 To prove the property about the tightness, consider the following set FM,q = {f ∈ C+[0, 1],Holq(f) ≤
M} for some M > 0, and q ∈ (0, 1). Then, as already explained below (5.15), for f ∈ FM,q, the distance
Df defined in (2.5) satisfies
Df (s, t) ≤ 2M |t− s|q, for any (s, t) ∈ [0, 1]2. (5.24)
Let us assume that (cn) is q-Ho¨lder tight, i.e. for any ε > 0, there exists M > 0, N ≥ 1, such that, for
any n ≥ N ,
P(cn ∈ FM,q) ≥ 1− ε.
Conditionally on cn ∈ FM,q, for x and y such that x ≤ y and 2nx and 2ny are integers, `n(x) − `n(y)
is a sum of DCTn (2nx, 2ny) i.i.d. r.v. (Xj , j ≥ 1) with distribution ν, divided by
√
2r(n)/3. Since ν is
centered and has all its moments, the Marcinkiewicz–Zygmund inequality gives
E(|X1 + · · ·+ Xp|s) ≤ m(s)ps/2, (5.25)
where m(s) is a constant (independent from p). Therefore, conditionally on CTn , for x, y such that 2nx
and 2ny are integers18
E
(∣∣∣∣∣Ln
(
2nx)− Ln(2ny
)√
r(n)
∣∣∣∣∣
s ∣∣∣CTn
)
≤ m(s)
(
DCTn
(
2nx, 2ny
)
r(n)
)s/2
= m(s)
(
Dcn
(
x, y
))s/2
,
by the normalization (5.21). Using the fact that (cn) is q-Ho¨lder tight and (5.24), this gives
E
(∣∣√2/3 (`n(x)− `n(y))∣∣s∣∣∣CTn , FM,q) ≤ m′(s,M) |x− y|sq/2 ,
with m′(s,M) = m(s)(2M)s/2. The standard moment criterium (5.2) allows us to conclude.
 Use again the probability space of the first point, on which some copies c˜n
(d)
= cn, c˜
(d)
= c are defined,
18Between integer points, Ln is linear, and it is folklore and easy to check, that the tightness can be proved by proving
the moment condition only at these discretization points.
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such that c˜n
(as.)−−−→
n
c˜. Take any element c ∈ C+[0, 1] different from the zero function. Conditionally on
c˜ = c, the tree Tc possesses a non-trivial branch, so that a.s. ` is not identically zero (its range contains
that of the Brownian motion living on any non-trivial branch of Tc). Now, under this condition, if ` is
periodic, its period must be rational: otherwise, since `0 = 0, ` would be identically 0 which is excluded
(because ` is a.s. continuous, and if q is a period, then nq is too for n ∈ Z, and nq mod 1 is dense in [0, 1]
for q non-rational).
Since Q is countable, it suffices then to show that for a rational number q ∈ (0, 1), with probability
1, q is not a period of `. We start to show that there exists x ∈ [0, 1] so that Dc(x, x + q) 6= 0. Indeed,
Dc(x, x+ q) = 0 implies that x and x+ q are corners of the same node in Tc; since nodes are non-crossing,
Dc(x, x+q) = 0 for every x, implies that [0, 1] is the set of corners of a unique node, so that c is identically
0, which is excluded. Now, take x such that Dc(x, x+ q) 6= 0: for this x, since ` is the label process of c,
`(x)− `(x+ q) ∼ N (0, Dc(x, x+ q)), and then, a.s. `(x) 6= `(x+ q) and then q is not a period of `.
We go on with a kind of converse of Proposition 4.6:
Lemma 5.8. Let c, c1, c2, · · · be a deterministic sequence in QC0[0, 1] such that cn → c in (QC0[0, 1], DΨ).
Consider for each n an element cn taken in cn, and such that cn ∈ C+[0, 1]. The sequence (cn) is relatively
compact in C[0, 1]: every accumulation point of this sequence belongs to PointedTreeClass(c).
Proof. As in the proof of Proposition 4.2 (section 5.3), we start by observing that the sequence (cn) is
relatively compact: the reason is that cn → c in QC0[0, 1] is equivalent to the existence of a sequence
(an) such that ‖cn(an + . mod 1) − c‖∞ → 0; from there follows the fact that (‖cn‖∞) is bounded and
(cn) equicontinuous. The sequence (cn) is therefore relatively compact by Arzela-Ascoli, and owns some
accumulation points (that are clearly elements of C+[0, 1]). Consider an accumulation point c? ∈ C+[0, 1].
Since along a subsequence ‖cnk−c?‖∞ → 0, clearly DΨ
(
cnk , c
?
)→ 0 and since by hypothesis DΨ (cn, c)→
0, we deduce that DΨ(c?, c) = 0 so that c
? and c = QC0[0, 1].
Lemma 5.9. Let Cn be a uniform Dyck path taken in Dyck2n, and cn(·) = Cn(2n·)√2n . The sequence (cn) is
q-Ho¨lder tight for any q < 1/2.
As stated in (5.19), cn
(d)−−→
n
e.
Proof. This property is folklore: it can be transferred from the classical simple random walk (with in-
crement +1 or −1) which owns the same property (with the same rescaling), fact that follows a simple
application of the moment condition. To transfer this property from the random walk to the Dyck paths
there is a two steps argument ([45, Proof of Lemma 1]).
– There is a 1 to 2n + 1 map which sends Dyck paths (at which an additional step −1 is appended) to
bridges of size 2n+ 1, which are paths with steps +1 and −1 with length 2n+ 1 ending at −1: the 2n+ 1
bridges associated to a (single) Dyck path are obtained by conjugations at one of the 2n + 1 abscissa
from 0 to 2n. These maps multiply q-Ho¨lder exponents by at most 2, so that, it suffices to transfer the
tightness property from random walks to bridges.
– Now, bridges are invariant by translation, so that it suffices to prove that their first half are q-Ho¨lder tight
for any q < 1/2. Consider then a simple random walk (S0, · · · , S2n+1), and A be an event (S0, · · · , Sn+1)
measurable (which depends on the first “half” of the trajectory).
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Claim: Up to a multiplicative constant, the probability of A under the bridge condition is bounded by
the probability of A for the random walk:
P(A | S2n+1 = −1) ≤ cP(A) (5.26)
for a universal finite constant c (independent from n and from A).
Taking for a moment this claim as granted, the fact that the rescaled random walk is q-Ho¨lder tight
on [0, 1/2] (for any q ∈ (0, 1/2)) implies that it is also the case for the rescaled bridge (taking some events
of the type A = {|Sns − Snt|/
√
n ≤ C|s− t|q, s, t ≤ n+ 1}) to use the claim). To prove the claim, write
P(A,S2n+1 = −1)
P(S2n+1 = −1) =
n+1∑
k=−n−1
P(A,S2n+1 = −1, Sn+1 = k)
P(S2n+1 = −1) (5.27)
=
n+1∑
k=−n−1
P(S2n+1 = −1|Sn+1 = k,A)
P(S2n+1 = −1) P(A,Sn+1 = k) (5.28)
(sum which must be restricted to the k for which P(A,Sn+1 = k) > 0), and by the Markov property of
random walk,
sup
n
sup
k
P(S2n+1 = −1|Sn+1 = k,A)
P(S2n+1 = −1) ≤ c := supn supk
P(S2n+1 = −1|Sn+1 = k)
P(S2n+1 = −1) = supn supk
P(Sn = −k − 1)
P(S2n+1 = −1) ,
since supk P(Sn = −k − 1) = P(Sn ∈ {0, 1}) (depending on the parity of n), using Stirling formula, one
sees that c < +∞. Using this bound in (5.28) allows us to get (5.26).
End of proof of Theorem 4.11
In the caseD = 1, the convergence in C[0, 1]2 stated in Proposition 5.4 can be restated as (c
(1)
n , `
(1)
n )
(d)−−→
n
(c(1), `(1)) in C[0, 1]2: it implies the convergence in Snakes•,1 of pi•(c
(1)
n , `
(1)
n )
(d)−−→
n
pi•(c(1), `(1)). Lemma
5.9, allows us to see that (c
(1)
n ) is q-Ho¨lder tight for q ∈ (0, 1/2); Theorem 5.7 allows us to deduce that
(`
(1)
n ) is q-Ho¨lder tight for q ∈ (0, 1/4), and since c(1) (d)=
√
2e is a.s. different from the zero process, that
`(1) has a.s. no period. Propositions 4.6 and 5.5 allow deducing from the convergence `
(1)
n → `(1), the fact
that c
(2)
n → c(2) := Conj(`(1)) in QC0[0, 1].
Now, the proof is basically a proof by induction: by the incremental nature of the construction of the
iterated discrete snakes, we have for any j ≥ 2:
Law
((
c(j)n , `
(j)
n
) ∣∣∣ ((c(m)n , `(m)n ) ,m ≤ j − 1)) = Law ((c(j)n , `(j)n ) ∣∣∣ (c(j−1)n , `(j−1)n )) .
In order to prove the convergence of pi•
(
c
(j)
n , `
(j)
n
)
knowing the convergence of
(
pi•
(
c
(m)
n , `
(m)
n
)
,m ≤
j − 1) the simplest method consists in working on a space on which some copies of these processes
are defined, that converge almost surely (whose existence is guaranteed by Skhorohod representation
theorem). On this space, since `
(j−1)
n → `(j−1) a.s. (in QC0[0, 1]), by the same argument as above (mainly
Propositions 4.6 and 5.5), c
(j)
n converges to some process, c(j) in QC0[0, 1]. We suppose also by induction
that (c
(m)
n ) is q-Ho¨lder tight for q ∈ (0, 1/2m) and (`(m)n ) is q-Ho¨lder tight for q ∈ (0, 1/2m+1) for m ≤ j−1.
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First, the fact that (c
(j)
n ) is q-Ho¨lder tight for any q ∈ (0, 1/2j) is a consequence of the preservation
of this property by conjugation, and is then inherited from this property of (`
(j−1)
n ). To discuss the
convergence of the label process of the normalized branching random walk having c
(j)
n as an underlying
tree, let us come back to the world of rooted trees: by Lemma 5.8, choose an element cn ∈ C+[0, 1]∩ c(j)n
(for example take cn = c
(j)
n ) for each n, build a rooted tree with this contour, and on this tree a branching
random walk as explained in (3.2). After that, build the corresponding normalized tour of snake (cn, `n)
associated to this rooted tree with the normalization specified in Theorem 4.11 (recall Section 4.2 for
the effect of choosing cn or another tree in the tree class of c
(j)
n ). From Lemma 5.8, (cn) has all its
accumulation points in PointedTreeClass
(
c(j)
)
. Take a converging subsequence (cnk) in (C[0, 1], ‖.‖∞),
and let c? ∈ C+[0, 1] be its limit. By Theorem 5.7, we get (cnk , `nk)
(d)−−→
n
(c?, `), where ` is a Gaussian
process with covariance matrix cov(`(x), `(y)) = c?
∧
(x, y). We get also by this same theorem, that (`n)
is q-Ho¨lder tight for any q ∈ (0, 1/2j+1) (for a bound on the q-Ho¨lder exponent independent from the
subsequence, since the q-Ho¨lder exponents of the different elements cn ∈ c(j)n have their ratio bounded by
2). Hence, taking into account that pi•(c?, `) is a random variable in Snakes• having a distribution which
does not depend on the element c? ∈ c(j)n , we conclude.
6 Combinatorial aspects of maps and iterated discrete feuilletages
The aim of this section is twofold. We first come back on some known aspects of combinatorial
maps. There are several points of view on these objects, some being suitable for combinatorial purposes,
some for topological considerations, some allow making computations as exemplified in the paper, and
eventually, allow producing asymptotic results and limit objects. After presenting these aspects shortly
and providing references, we will stress a bit on quadrangulations encoded by labeled trees, since they
are at the origin of the Brownian map (the second random feuilletage r[2] as presented in Section 2), and
since we will generalize this encoding as a pair of trees, or equivalently as a pair of non-crossing partitions
on an ordered set, for iterated discrete feuilletages.
We then review the iterative construction of the discrete feuilletages in the combinatorial map picture,
compute the critical exponent given by their asymptotic enumeration, and provide an encoding using
D nested non-crossing partitions defined on an initial ordered set. We briefly review other notions of
generalized maps, and comment on their use in finding families of generalized maps that could lead to
new asymptotic regimes.
6.1 Different points of view on maps
Some references on maps include the books of Mohar [70], of Landau & Zvonkin [49], of Goulden and
Jackson [41], or the lecture notes of G. Miermont and Le Gall (for instance [50]).
6.1.1 Maps as equivalence classes of graph drawings up to homeomorphisms
Given a surface Sg of genus g ≥ 0, a “pre-map” is a drawing G of a connected graph on this surface,
which satisfies the following properties:
– the drawings of edges are injective and homeomorphic to segments,
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– the drawings of different edges (e1, e2) and (e3, e4) do not intersect, except at their extremities if they
correspond to the same vertices,
– the complement of the drawing Sg \ G is cellular, that is, it is the union of some connected components
(the so-called “faces”) that are homeomorphic to disks.
Maps are equivalence classes of “pre-maps” for the following equivalence relation: two “pre-maps” are
equivalent if one can be sent to the other by a direct homeomorphism of the surface Sg. Direct homeo-
morphisms preserve the genera of surfaces, as well as cyclic orders of edges of pre-maps around vertices.
In order to avoid any non-trivial automorphisms, some additional features/markings are often considered:
labeling of vertices, or distinction of some vertices (pointed maps) or half-edges (rooted maps), or both.
Figure 15: Two representations of the same planar map.
6.1.2 Maps as gluings of polygons
The preceding description of maps as graph drawings considered up to homeomorphisms produces a
cellular decomposition of the surface G. Topologically, each face f is surrounded by a finite cyclic sequence
of edges (or equivalently vertices), and then topologically, each face is a polygon. Hence, the surface G
may be seen as a finite set of polygons that have been identified: each of the edges of every polygons has
been identified with another unique edge of some polygon (which can be the same).
Conversely, if one has in hand a finite set of polygons with an even total number of edges, and if one
identifies the edges two-by-two in such a way to construct a connected surface, then naturally this surface
comes with a notion of faces (the polygons), together with the “drawing” of the polygon boundaries, which
are sequences of edges by definition; this produces a map, but the obtained surface can be non-orientable,
and can have any non-negative genus.
6.1.3 Maps as constrained permutations
In fact, maps as graph drawings up to homeomorphisms are combinatorial objects: there exists a finite
number of maps with n edges. One way to see this is to encode maps using permutations. Assume that a
given map has n edges, and label each half-edge by a number – called an index – from 0 to 2n−1. The set
of edges is then naturally encoded by a set α of pairs of half-edges, and each vertex by the cycle of edges
around it (with a precise cyclic order): the set of vertices σ – as well as α can be seen as determining some
permutations through their cycles. The main point here is that these permutations fully characterize the
map. Let us be more precise on the constraints inherited by these permutations.
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Definition 6.1. A connected indexed map19 with n edges, is a pair M = (σ, α), where
• σ is a permutation on J0, 2n− 1K,
• α is a fixed-point free involution on J0, 2n− 1K,
• the group < σ,α > generated by σ and α acts transitively on J0, 2n− 1K.
The transitivity condition stands for the connectivity of the map. Vertices (resp. edges, resp. faces)
correspond to the cycles in the unique decomposition of the permutations of σ (resp. α, resp. σ ◦ α) in
disjoint cycles. The elements of J0, 2n− 1K are therefore seen as half-edges.
The number V , n and F of vertices, edges, and faces of a map (σ, α) satisfy Euler’s formula:
V − n+ F = 2− 2g,
where g is a non-negative integer, called the genus of a map (the genus of the surface on which the graph
is drawn). Planar maps are maps with genus 0.
The distance in a map is the length of the shortest path between two vertices.
A map is said to be pointed if a particular vertex is distinguished. Two consecutive half-edges j = σ(i)
and i define a corner of the map. A map is said to be rooted if a particular corner is distinguished. It is
equivalent to provide an orientation to a given edge, say from i to α(i) (i.e. to specify the first element of
one of the disjoint pairs in α). We call root vertex (or simply root) the vertex incident to the root corner.
Combinatorial maps are usually considered up to reordering of the half-edges. In this case, an unin-
dexed map is an equivalence class {(ρ◦σ ◦ρ−1, ρ◦α◦ρ−1) | ρ ∈ S2n}. In this paper, we generally consider
rooted unindexed maps20 for which the simultaneous conjugation of σ and α by any ρ ∈ S2n leads to a
different indexed combinatorial map, so that there are (2n)! indexed rooted maps corresponding to the
same unindexed map.
Bipartite maps. A bipartite map is a map for which the vertices are colored in black and white, so
that the edges only link black and white vertices. A bipartite map with n edges is defined by a pair of
permutations (α◦, α•) on J1, nK. The elements of J1, nK correspond to the edges, and the cycles of α◦ and
α• respectively define the white and black vertices. The faces correspond to the cycles of α◦ ◦ α•. To
recover a map with the usual Definition 6.1, one has to take a black copy and a white copy of the edge-set,
and define a canonical involution σ which for i ∈ J1, nK maps i◦ to i•.
Trees. A rooted tree with n+ 1 vertices is a rooted (connected) map with n edges. From (6.1), we see
that this imposes F = 1 and g = 0: the map has a single face and is planar. The face σ ◦ α is a cycle of
length 2n which organizes all the corners: using the root as a starting point (indexed 0), the corners can
be re-indexed from 0 to 2n− 1: the “counterclockwise corner sequence” of the tree. Note that this is not
the convention used for processes in Sec. 3, in which the corners of the trees are labeled from 0 to 2n− 1
19The common denomination would be labeled map, but we chose indexed to avoid confusion with the labeling of the trees
and the label processes in the rest of the text.
20In the case of trees however, we rather consider rooted trees together with a canonical indexing of the half-edges, as
detailed below.
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going around the tree clockwise. This should be kept in mind when comparing the various exemples.
Apart from that, one then recovers the contour and height sequences of the tree, as defined in Sec. 3.
Labelings of trees have been defined in Def. 3.7. A labeling provides an integer to every vertex (its
label), such that the label of the root vertex is 0, and the labels of the extremities of any edge differ by
at most 1. The set of labeled rooted trees (T, `) with n edges will be denoted by LTn, and we define
m(T, `) = min
v∈V(T )
`(v). (6.1)
Non-crossing partitions and trees. Another encoding of a rooted planar tree with n edges, which
we will use later in this section, is as a pair (C, σ), where C is an ordered set C = {1, . . . , 2n} (the corner
sequence of the tree), and σ is a non-crossing permutation on this set, that is, a permutation for which
the disjoint cycles respect the cyclic ordering of C and have supports which do not cross for this ordering.
Definition 6.2. We say that a permutation σ on a totally ordered set C respects the ordering of C if for
each of its cycles c, there are only two consecutive elements a < b in c for which σ(a) > σ(b).
Definition 6.3. A partition C = unionsqiVi of a finite totally ordered set C is said to be non-crossing if there
are no elements p1 < q1 < p2 < q2 such that p1, p2 ∈ Vi and q1, q2 ∈ Vj with i 6= j. We say that
a permutation σ on C is non-crossing if the partition it induces is non-crossing, and if in addition it
respects the ordering of C.
In addition, we require that the Kreweras complement [48, 71] of σ on C is a (non-crossing) matching,
where a matching is a partition in pairs, and:
Definition 6.4. Consider the totally ordered set C = {1 < 2 < . . . < N} and make a copy C = {1 < 2 <
. . . < N} of this set, so that C unionsq C is ordered as {1 < 1 < 2 < 2 . . . < N < N}. If pi is a non-crossing
partition on C, we define its Kreweras complement pi as the maximal non-crossing partition on C for the
inclusion order such that pi ∪ pi is a non-crossing partition on C unionsqC, where the inclusion order is defined
as C = unionsqiVi ≤ C ′ = unionsqiV ′i if each V ′i is the union of one or several Vj.
This definition is better understood on an exemple, see Fig. 16.
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Figure 16: A partition pi on an ordered set C (left), and its Kreweras complement pi on C (right), and the
non-crossing partition pi ∪ pi on C unionsq C (middle).
The rooted planar tree is then obtained from (C, σ) by drawing the ordered set C on a circle and
the cycles of σ as shaded regions, adding vertices in the shaded regions, and edges between two vertices
whenever the corresponding shaded regions face each other, as shown in Fig. 1721.
21Note that the information in the permutation is redundant: a tree is always bipartite, and one can delete the regions
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Figure 17: Encoding of a rooted planar tree by its counterclockwise corner sequence, together with a non-
crossing permutation, whose Kreweras complement is a matching.
6.2 Planar quadrangulations and labeled trees
The Cori-Vauquelin-Schaeffer bijection. A quadrangulation is a map whose faces all have length
four. We denote by Q•,→n the set of rooted and pointed quadrangulations with n faces.
Theorem 6.5 (Cori-Vauquelin 1981 [26], Schaeffer 1998 [75]). There is a 1-to-2 mapping between rooted
and pointed quadrangulations with n faces in Q•,→n , and labeled trees with n edges in LTn.
Furthermore, if the quadrangulation Q is the image of (T, `), then the set of nodes of T is sent
bijectively onto the set of nodes of Q deprived from the pointed vertex; if the node u ∈ T is sent onto v,
then, up to a global translation, `(u) coincides with the distance of v to the pointed vertex in Q:
dQ(ν, w) = `(w)−m(T, `) + 1,
where m(T, `) is the minimum of ` (defined in (6.1)).
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Figure 18: Building two rooted pointed planar quadrangulations from a rooted labeled tree. They differ due
to the orientation of the root-edge, that depends on the value of the parameter η.
corresponding to e.g. the white vertices without losing information. There are two bijections, one between planar trees with n
edges and non-crossing partitions on n ordered elements, and one between between planar trees with n edges and non-crossing
partitions on 2n ordered elements, such that the Kreweras complement is a matching. One goes from the first description
to the second one by completing the non-crossing partition on n elements by its Kreweras complement C → C unionsq C. In the
context of this paper, the permutations we obtain naturally have matchings as Kreweras complements.
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Let us detail this mapping LTn × {0, 1} ↔ Q•,→n .
From LTn × {0, 1} to ↔ Q•,→n : Consider a labeled rooted tree (T, `), and a parameter η in {0, 1}. As
usual, the depth traversal function cT of T associates with each integer k in J0, 2n − 1K, the node cT (k)
(and again cT (k) can be seen as a corner, recall (3.5)). Note that here however, we use the counterclock-
wise contour sequence of T to label the corners from 0 to 2n−1. Consider also L(k) = `(cT (k)), the label
of the kth corner of T , for k in J0, 2n − 1K. The description of the bijection is as follows: first draw in
red a special vertex ν in the plane, and draw in blue the tree T in the plane (so that the drawing avoids ν).
Then, treat successively all the corners (cT (k), 0 ≤ k < 2n− 1) (starting from the root corner cT (0))
as follows: to each corner cT (k),
– if L(k) = m(T, `) (see (6.1)), add a black edge between cT (k) and the special vertex ν,
– if not, add a black edge between cT (k) and the preceding corner with label L(k)− 1.
At each step, this is done so that the black map remains planar. There is always a unique corner on
either ν or the preceding vertex carrying the label L(k)− 1 such that it is possible.
We now remove the tree T , that is the blue edges, keeping only the vertices and all the black edges.
It can be proved that the resulting map is a connected planar quadrangulation. The map is pointed at ν,
and rooted by choosing an orientation for the edge that had been added at the very first step, in one of
the two following ways: if η = 0, this edge is oriented from the corner indexed 0, and if η = 1, this edge
is oriented towards the corner indexed 0.
From Q•,→n to LTn × {0, 1}: We start by drawing in black a connected, rooted planar quadrangulation,
pointed at a vertex ν. All the vertices are then labeled with their graph distance to ν, and this labeling is
denoted by dν . Because the map is planar and all its faces have even length, it is also bipartite. Consider
a geodesic between some vertex and the root. Along this path, the vertices are alternatively black and
white. All the vertices at a given distance from the root thus have the same color. Therefore, two vertices
linked by an edge cannot have the same label, as their colors differ. As two such vertices have labels
differing by at most 1, there are only two possibilities for the label patterns of the vertices around a face,
depicted in Fig. 19.
i + 1
i + 1
i i
i + 2
i
i + 1 i + 1
Figure 19: The two possible patterns for the labels around a face of a planar quadrangulation. The blue
edges are added when constructing a rooted tree from a quadrangulation.
We add one blue edge per face of the quadrangulation as done in Fig. 19: between the corners incident
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to the vertices of higher labels for the case on the left of Fig. 19, and between the corner incident to the
vertex of highest label and the corner that follows around the face, clockwise (if the face is the external
face however, we take the following corner counterclockwise instead22). The labeled tree associated with
the map is the blue tree, and it is rooted and labeled as follows (the fact that it is a tree is not obvious):
– the root edge in the quadrangulation was linking two corners of the blue tree; we choose the corner of
higher label as the root c0 of the tree T , and the parameter η takes the value 0 if that corner is at the
origin of the root-edge of the quadrangulation, and 1 otherwise;
– let d0 denote the distance from c0 to ν in the quadrangulation Q. For w ∈ V(T ), we define
`(w) = dQ(ν, w)− d0,
where dQ(ν, w) is the distance from the vertex w to ν in the quadrangulation. From the construction,
` defines a labeling on the rooted tree T , i.e. the label of the root vertex is 0, and the labels of two edges
linked by an edge differ by at most 1.
6.3 Edge disconnections in maps and tree-decompositions
Let us consider a quadrangulation Q ∈ Q•,→n with n faces, and denote by
(
T
(1)
n , L
(1)
n
)
the corresponding
labeled rooted tree in LTn. We can draw the tree T
(1)
n on Q by adding an edge in each one of its faces,
as in Fig. 19. The corresponding map, which contains both T
(1)
n and Q as submaps, is denoted by Q˜.
The trees T
(2)
n and τ
(2)
n . Following the construction of [63], another tree τ
(2)
n with 2n edges is extracted
from Q˜, by following the contour of T
(1)
n , and “ungluing” the vertices of Q along the corners of T
(1)
n as
shown in Fig. 20. Strictly speaking, the tree thus obtained is naturally pointed and rooted, because the
quadrangulation is (the red vertex and green arrows in Fig. 20). In this section, we rather choose for
practical reasons to root τ
(2)
n on the corner that was glued to the root corner of T
(1)
n
23 (it simplifies the
combinatorial encoding of feuilletages using nested non-crossing permutations in Sec. 6.4). To obtain the
tree T
(2)
n defined in the previous sections, the tree τ
(2)
n has to be rerooted on the corner of the pointed
vertex that faces the min argmin of the labeling L
(1)
n of T
(1)
n
24. This choice of root was needed to show
the convergence. In the following, we use τ
(2)
n (and its generalizations τ
(j)
n ), but the reader should keep
in mind that T
(2)
n (or T
(j)
n ) is obtained by a simple rerooting.
The tree T
(2)
n is made of a subset of the shortest paths to the pointed vertex ν in the quadrangulation
(it contains precisely one “geodesic” to ν for every corner of T
(1)
n ). As for the tree T
(1)
n , in a sense it
represents a “ridgeline” of the quadrangulation: on the left of Fig. 19, the edges of T
(1)
n locally connect
vertices which are far from ν, and on the right of Fig. 19, the edge of T
(1)
n necessarily connects two of the
vertices that are the further away from ν.
Encoding Q with two permutations. Equivalently, the map Q can be encoded by the tree τ
(2)
n ,
together with a non-crossing permutation on (a subset of) its corner sequence, whose complement is a
22This is because we represent the map on the plane, while it should be understood as drawn on the sphere.
23Note that this does not correspond to the rooting induced by that of Q, for instance when the parameter η is one.
24More precisely, the min argmin is a corner of T
(1)
n , and if e is the edge added from this corner towards the pointed vertex
ν, τ
(2)
n has to be rerooted on the corner of ν which precedes e on ν counterclockwise in order to obtain T
(2)
n (see the orange
arrow in Fig. 20).
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Figure 20: On the left is the map Q˜, with the edges of both the quadrangulation Q and the tree T (1)n .
Q˜ can be understood as a discrete “mating” of two trees T
(1)
n and τ
(2)
n , as illustrated in the central figure.
The red triangles indicate the root-corners of the two trees, while the green arrows indicate the two possible
orientations for the root edge in the quadrangulation Q, and the orange arrow indicates the corner on which
to reroot in order to obtain the tree T
(2)
n of Sec. 3, Fig. 11. Equivalently, on the right, the tree T
(1)
n can be
seen as a permutation σ(1) gluing some corners of τ
(2)
n to form the vertices of Q (see Fig. 17 to recover T
(1)
n
from σ(1)).
matching. Indeed, we see that the vertices of T
(1)
n encode the gluing of the vertices of τ
(2)
n to form the
vertices of Q (middle of Fig. 20). For each vertex of Q, this gluing takes the form of a cycle on the
corners of the vertices of τ
(2)
n which are glued together (right of Fig. 20). All of these disjoint cycles form
a permutation σ(1), defined on a subset of corners of τ
(2)
n , with one corner per non-pointed vertex of τ
(2)
n
(or non-rooted for T
(2)
n ).
The planarity of Q is encoded in the fact that T
(1)
n is a tree, or equivalently that σ(1) is a non-crossing
permutation on the clockwise corner sequence C2 = {0 < 4n − 1 < 4n − 2 < . . . < 1} (the cycles of
σ(1) induce a non-crossing partition on C2 = {0 < . . . < 4n − 1}, but it is (σ(1))−1 that respects the
ordering of C2, since when going around T
(1)
n counterclockwise, we go around τ
(2)
n clockwise). The fact
that the Kreweras complement of σ(1) is a matching is equivalent to Q being a quadrangulation. Other
characteristics of Q, such as the information on the distances to ν for instance, are encoded in other
properties of τ
(2)
n and of σ(1). To summarize, consider the encoding of the tree τ
(2)
n as a pair (C2, σ
(2)),
where C2 is the ordered set {0 < . . . < 4n− 1}, and σ(2) is a non-crossing permutation on C2, then Q can
be encoded as the triplet
(C2, σ
(2), σ(1)),
where σ(1) is also a non-crossing permutation on a subset of C2. In addition, σ
(1) and σ(2) satisfy other
constraints: there is one element of the support of σ(1) per disjoint cycle of σ(2) appart from the cycle
containing 1, their Kreweras complements are both matchings, etc. From the triplet (C2, σ
(2), σ(1)), the
tree T
(1)
n is recovered as (C1, σ
(1)), where C1 is C2 with the opposite ordering (but still starting at 0),
and restricted to the support of σ(1). In the example of Fig. 20 for instance, we have τ
(2)
5 = (C2, σ
(2)) and
T
(1)
5 = (C1, σ
(1)), with
C2 = {0 < 1 < · · · < 19}, σ(2) = (0, 18)(1, 15, 17)(2, 4, 10, 12, 14)(3)(5, 9)(6, 8)(7)(11)(13)(16),
C1 = {0 < 19 < 16 < 13 < 11 < 8 < 7 < 4 < 3 < 1}, σ(1) = (0, 16)(1, 13)(3, 11, 7)(4)(8)(19),
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where we recall that C2 (resp. C1) is the counterclockwise corner sequence of τ
(2)
5 (resp. T
(1)
5 ). With this
encoding, the corners of T
(1)
5 have the same indices in C2 as a subset of the corners in τ
(2)
5 : in the following
we will say that the corners that have the same index are dual one to another.
Remark 6.6. As for the map Q˜, which contains both the edges of T
(1)
n and τ
(2)
n , it can be understood as
a “discrete mating” of the trees T
(1)
n and τ
(2)
n : following the clockwise corner sequence of T
(1)
n and the
counterclockwise corner sequence of τ
(2)
n , some of the corners of the trees are glued together to recover Q˜
(the dual corners). It is some kind of discrete version of the mating of tree introduced in [33], but where
one tree is twice the size of the other, and the trees are not glued along all of their corners or all of their
leaves, but rather all of the corners of the small tree are glued to a subset of the corners of the bigger tree.
More generalities on graph explosions. More generally, from the Chapuy-Marcus-Schaeffer bijec-
tion [21], non-planar quadrangulations are bijectively encoded by “discrete matings” of trees and maps
of genus g with a single face (unicellular), for which the edges of the unicellular map are then removed,
or equivalently as a triplet (C2, σ
(2), σ(1)), where σ(2) is still a non-crossing permutation on C2, but
σ(1) is now a permutation of genus g, defined as the genus of the bipartite map (f0, σ
(1)), where if
C1 = {0 < i1 < . . . < ik}, then f0 is the cycle (0i1 . . . ik) [25], that is,
2g(σ(1)) = 1 + n−#(σ(1))−#(f0 ◦ σ(1)),
where we have denoted by # the number of disjoint cycles of a permutation. Note that the unicellular
map UM which generalizes T
(1)
n when the quadrangulation has genus g is the map whose vertices and
edges are respectively given by σ(1) and (f0 ◦ σ(1))−1.
The deconstruction of the map Q as a tree and a permutation that encodes a gluing of a subset of its
corners falls in the more general context of “graph explosion”. Trees are connected maps with no loops:
if one takes a connected map M , removing successively some well-chosen edges of M – each edge being
chosen among those belonging to cycles – allows going from M to a tree T .
Another way to decompose maps relies on the “explosion” of some vertices. The idea is to preserve
the edges and to rather modify the vertices by adding some copies of them. More precisely, for each cycle
of the permutation encoding the vertices in Def. 6.1, we may choose to split it in two or more disjoint
consecutive cycles e.g. (123456)→ (1)(234)(56). This is illustrated in Fig. 6.3. When exploding a vertex,
a corner is naturally distinguished on each copy of the vertex (the corners (1), (4, 2), and (6, 5) in this
example). Consider a map M and explode some of its vertices to obtain a map M ′; gathering the disjoint
cycles σv for each exploded vertex v, the explosion is thus encoded as a permutation σ defined on some
of the corners of M ′, which allows reversing the explosion and reconstructing the vertices of M .
Now suppose that the map obtained after exploding some of the vertices of a map M is a tree M ′ = T ,
encoded by its corner sequence (an ordered subset C ′) and a non-crossing permutation σ′ on C ′. Then
the support of the permutation σ =
∏
v σv just described is a subset of C
′, so that the map M can be
encoded by the triplet (C ′, σ′, σ). In addition, there is at most one element of the support of σ per disjoint
cycle of σ′.25
25Note that this last condition can be lifted, which corresponds to authorizing the explosion of the vertices in more
than one cycle each. More precisely, if γv is a cycle coding a vertex v of M , exploded in several disjoint (non-necessarily
consecutive) cycles γv1 , . . . , γ
v
p , we can still encode the explosion of v using some disjoint cycles σ
v
1 , . . . , σ
v
p defined on the
corners of the exploded map M ′, provided that γv1 ◦ . . . γvp forms a non-crossing partition of γ.
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Figure 21: The explosion of a vertex v of a map M is encoded by a cycle σv on the distinguished corners of
the resulting map M ′.
There are plenty of examples in the literature of such decompositions of maps in pairs of a tree T
(the tree T
(2)
n in our case) and a unicellular map UM of genus g, or equivalently an ordered set C
′, a
non-crossing permutation σ′, and a permutation σ of genus g, such as for instance: the construction
of CVS [26, 75] and Marckert-Mokkadem [63] detailed above, its generalization for quadrangulations of
genus g [21], its generalization for maps with faces of even lengths [16], the bijection of Bernardi [7] for
tree-rooted maps, or the decomposition in C-decorated trees of [20] for unicellular maps.
In these decompositions, the tree T is often of a very specific kind. We would like to stress that on
the other hand, some aspects of these decompositions are very general and do not rely on the details of
the maps (restriction on the length of the faces or bipartiteness for instance) or on the way that the tree
T is extracted from the map (the rule to explode the vertices is based on the distances to the pointed
vertex in CVS [26, 75], [63], [21], and [16]], on an orientation of the edges according to the spanning tree
in Bernardi’s bijection [7] and on the notion of trisection in [20]). Indeed, it is clear that given any map,
there are many ways to explode it in a pair of a tree T and a permutation σ (or a unicellular map UM ), or
equivalently of an ordered set C ′, a non-crossing permutation σ′, and a permutation σ, and conversely, any
pair/triplet of such objects are combined to form a map. Furthermore, for any explosion of a map M in a
tree T , the genus of the map M is the genus of the permutation σ as defined in (6.2) (or equivalently the
genus/excess of the unicellular map UM ). In particular, pairs of trees or pairs of non-crossing partitions
on an ordered set always encode planar maps. This motivates the degree of generality chosen for the
notion of D-general feuilletage in Def. 6.8.
6.4 Iterative construction and new propositions for the notion of D-combinatorial
map
Discrete iterated feuilletages. To build a rooted pointed planar quadrangulation Q
(1,2)
n ∈ Q•,→n (the
quadrangulation Q of the previous section), a first rooted planar tree T
(1)
n is considered, which is then
dressed with a labeling, from which the edges of Q
(1,2)
n are built according to the rule of the CVS bijection
of Sec. 6.2, after what the edges of T
(1)
n are deleted and a tree τ
(2)
n with 2n edges is extracted: the vertices
of T
(1)
n encode the gluings of the vertices of τ
(2)
n , while the fact that T
(1)
n is a tree accounts for the planarity
of Q
(1,2)
n .
Now dress in turn τ
(2)
n with a labeling, and add new edges according to the rules of the CVS bijection
(see Fig. 22). Deleting the edges of τ
(2)
n , we obtain a rooted pointed planar quadrangulation Q
(2,3)
n ∈ Q•,→2n .
If we also identify the vertices of τ
(2)
n according to the vertices of T
(1)
n , we obtain a 3-discrete feuilletage
Rn[3] (right of Fig. 23).
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Figure 22: The tree τ (2)n is in turn provided with a labeling L
(2)
5 (left), from which a second rooted pointed
planar quadrangulation Q
(2,3)
5 is built (middle), as well as a third tree τ
(3)
5 (right).
Just as for τ
(2)
n at the previous step, we can extract a rooted planar tree τ
(3)
n with 4n edges from the
map Q˜
(2,3)
n , which is Q
(2,3)
n , together with the edges of τ
(2)
n (right of Fig. 22). Rn[3] is encoded by the
tree τ
(3)
n , identified by both the vertices of τ
(2)
n and of T
(1)
n . The corners of τ
(2)
n are dual to corners of τ
(3)
n
(dual corners are introduced above Rem. 6.6), and the permutation σ(1) (or equivalently the vertices of
T
(1)
n ) glues corners of τ
(3)
n together, and consequently glues vertices of Q
(2,3)
n (Fig. 23). We see that the
planar quadrangulation Q
(2,3)
n , which has 2n faces, 4n edges, 2(n+ 1) vertices, is “folded” repeatedly into
an object which has as many vertices as T
(1)
n plus the pointed vertices of T
(2)
n and T
(3)
n , i.e. n + 3, thus
the name discrete iterated feuilletage.
In this description, we have been vague about the way the objects were rooted. The discrete feuilletage
Rn[3] described above has one oriented edge, which induces a rooting on Q
(2,3)
n , Q
(1,2)
n , τ
(3)
n , τ
(2)
n , and T
(1)
n ,
and has two pointed vertices, one on Q
(2,3)
n , and one on Q
(1,2)
n . Indeed, the oriented edge in Rn[3] is also
an oriented edge of τ
(3)
n , or equivalently a root corner of τ
(3)
n . The root corner of τ
(2)
n is the one facing the
root corner of τ
(3)
n (its dual corner), and the root corner of T
(1)
n is that dual to the root corner of τ
(2)
n . In
τ
(3)
n , when adding the distances to the pointed vertex, there is only one edge incident to the root vertex,
and whose other endpoint has a smaller label. The root of Q
(2,3)
n is obtained by orienting this edge in one
or the other way, according to the parameter η of the CVS bijection. The root of Q
(1,2)
n is obtained the
same way from the root corner of τ
(2)
n . In the rooting convention of this section, Rn[3] is thus a rooted
discrete feuilletage which in addition is pointed twice, once by distinguishing a vertex of Q
(2,3)
n , and once
a vertex of Q
(1,2)
n . Note that Rn[3] as just described is not rooted and pointed as the discrete feuilletages
introduced in Sec. 3, which are the deterministic combinatorial objects in the support of Rn[3]. The
latter are indeed obtained by starting from T
(3)
n instead of τ
(3)
n . However, starting from τ
(3)
n simplifies the
encoding using non-crossing partitions, which is why we make this choice in the present section.
Remark 6.7. While the corners of τ
(3)
n are dual to corners of τ
(2)
n and in turn to corners of T
(1)
n , the
corners of τ
(3)
n are not dual to corners of Q
(2,3)
n . However we may choose a convention, such as the
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Figure 23: The resulting 3-discrete feuilletage R5[3], represented as τ
(3)
5 glued by σ
(2) and σ(1) (left), as
Q
(2,3)
5 (ur to a rerooting) glued by σ
(1) (middle), and as the completely folded object (right). To represent it,
we used the convention (6.2) (see Rem. 6.7).
following.
−→ σ(1)
Q
(2,3)
nσ
(2)σ(1)
τ
(3)
n
(6.2)
With such a choice, the 3-discrete feuilletage Rn[3] can be seen as Q
(2,3)
n (up to a rerooting), together with
an additional permutation σ(1) now defined on its corners. The result is now a combinatorial map in the
usual sense, of arbitrary genus (an embedding of Rn[3] on a surface of a priori high genus). This is the
convention used to draw the figure on the right of Fig. 23. For random objects, and with this convention,
the genus of the map corresponding to Rn[D] is obviously expected not to be bounded asymptotically.
This process can be iterated: dressing τ
(D)
n with a labeling, we build a rooted planar tree τ
(D+1)
n
with 2Dn edges and n + D vertices, such that τ
(D+1)
n identified according to the vertices of τ
(D)
n (up to
a rerooting) forms a pointed rooted planar map Q
(D,D+1)
n ∈ Q•,→2Dn, and a discrete feuilletage Rn[D + 1]
is obtained by identifying the vertices of every τ
(j)
n for 3 ≤ j ≤ D + 1 according to the vertices of τ (j−1)n
(as well as T
(1)
n for j = 2). A D-discrete feuilletage has one oriented edge, which induces a rooting of
all the iterated trees τ
(j)
n and all the quadrangulations Q
(j,j+1)
n , and is pointed D − 1 times, once per
quadrangulation Q
(j,j+1)
n . Some examples of planar maps Q
(j,j+1)
n are shown in Fig. 24 for j = 1, 2, 3, 4.
Asymptotic enumeration of pointed and non-pointed discrete iterated feuilletages. The CVS
bijection allows computing the numbers m
•(2)
n and m
(2)
n of rooted pointed and rooted planar quadrangu-
lations respectively as
m•(2)n = 2× 3nCn and (n+ 2)m(2)n = 2× 3nCn, (6.3)
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Figure 24: Planar maps Q(j,j+1)n obtained thanks to some labeled trees (C
(j)
25000, L
(j)
25000) for j from 1 to 4.
Loops and multiples edges have been discarded for the drawing (first map has 25000 vertices, and for the next
ones 50k, 100k, 200k). The diameter of Q
(j,j+1)
n scales asymptotically as n1/2
j+1
.
where the factor 2 comes from the choice of parameter η in the CVS bijection, n + 2 comes from the
choice of a pointed vertex in the quadrangulation Q
(1,2)
n which has n+ 2 vertices, and 3n comes from the
choice of labeling.
Using the fact that asymptotically, Cn ∼ pi−1/24nn−3/2, we obtain the asymptotics for m•(2)n and m(2)n :
m•(2)n ∼ 2pi−1/2 · 12−n · nγ2−1 and m(2)n ∼ 2pi−1/2 · 12−n · nγ2−2, (6.4)
with γ2 = −1/2. This critical exponent (also called string susceptibility in physics) is to be compared
with that for trees, γ1 = 1/2. As this critical exponent is important in theoretical physics discussions, we
compute it in the case of iterated discrete feuilletages, pointed or not.
We do not provide an exact formula for the numbers m
•(D)
n and m
(D)
n of rooted pointed and rooted
non-pointed D-discrete feuilletages. This depends on the precise definition of the rooting for instance,
and at this point it is difficult to retain one or the other as more natural, from the point of view of the
folded object. For instance, one has to decide how exactly the D − 1 pointed vertices are chosen: among
the n + D vertices of Rn[3] (laying a factor (n + D)
D−1) or on the various quadrangulations (laying a
factor
∏D−2
j=0 (2
jn+ 2)). In any case, the asymptotics for these numbers behave as
m•(D)n ∼ cD · λ−nD · nγD+D−3 and m(D)n ∼ cD · λ−nD · nγD−2, (6.5)
where λD has a contribution of the form 3
−∑D−2j=0 2j coming from the enumeration of the iterative labelings
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of the trees, and the critical exponent is now
γD =
3
2
−D. (6.6)
Again, this generalizes the well known critical exponents for rooted planar trees and maps, γ1 = 1/2 and
γ2 = −1/2.
A simple encoding using nested permutations. The planar tree τ
(D)
n is encoded by its corner
sequence CD = {0 < 1 < · · · < 2Dn − 1}, together with a non-crossing permutation σ(D) on CD. The
identification of the vertices of τ
(D)
n by the vertices of τ
(D−1)
n to obtain the planar map Q
(D−1,D)
n takes
the form of a non-crossing permutation σ(D−1) on a subset of CD, which is CD with the reversed order:
CD = {0 < 2Dn− 1 < 2Dn− 1 · · · < 1}. The support of σ(D−1) contains one element of CD per cycle of
σ(D) at most. From this permutation, the tree τ
(D−1)
n is obtained as (CD−1, σ(D−1)), where CD−1 is CD
restricted to the support of σD−1.
The identification of the vertices of τ
(D−1)
n by the vertices of τ
(D−2)
n takes the form of another non-
crossing permutation σ(D−2) on a subset of CD, such that the support of σ(D−2) is included in that of
σ(D−1), and contains one element of CD per cycle of σ(D−1) at most, and so on. We propose to define a
notion of “D-general feuilletages” which encompasses our notion of D-discrete feuilletages:
Definition 6.8. We call D-general feuilletage a (D + 1)-uplet
MD = (CD, σ(D), . . . , σ(1)),
where
• CD is the totally ordered set CD = {0 < 1, · · · < N − 1} (the counterclockwise corner sequence of
τ
(D)
n , with N = 2Dn),
• σ(D) is a non-crossing permutation on CD,
• for 1 ≤ j ≤ D, σ(j) is a permutation on CD whose support Cj is included in that of σ(j+1) (the
permutations are nested), σ(j) is a non-crossing permutation on C?j , and it has one element per
disjoint cycle of σ(j+1) at most.
We have used the notation C?j , which is Cj = {0 < i1 < . . . < ip} if j and D have the same parity, and
Cj = {0 < ip < ip−1 . . . < i1} otherwise, so that σ(j) is a non-crossing permutation on C?j iff it induces a
non-crossing partition on Cj (and thus on CD), and it respects the ordering of CD if j ≡ 0 mod D and of
CD if j ≡ 1 mod D.
For any j, (C?j , σ
(j)) is a planar tree (the tree τ
(j)
n for a discrete feuilletage). Gluing the vertices of this
planar tree according to the cycles of σ(j−1) provides a planar map, encoded by the triplet (C?j , σ
(j), σ(j−1))
(for a discrete feuilletage, it is a planar quadrangulation Q
(j−1,j)
n )26.
Given a D-general feuilletage MD and for k > 1, MD−k+1 = (CD, σ(D), . . . , σ(k)) is of the same form
as a (D − k + 1)-general feuilletage. For k = D, it is a planar tree, for k = D − 1 it is a planar map, and
MD−k+1 is obtained from MD−k by folding it as many times as there are disjoint cycles in σ(k).
26The reason why we don’t have to shift the first element of the set Cj to obtain the various iterated trees is precisely
because the root of τ
(j+1)
n is chosen as dual to the root of τ
(j)
n .
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Another encoding as gluings of trees. While the encoding above renders the iterative gluings of
the objects according to the cycles of the permutations σ(j), which applies well to the discrete iterated
feuilletages and to the distance d
(2)
r[D], we provide another combinatorial description for the object for
which all the edges of every τ
(j)
n are kept (the generalization of Q˜
(j,j+1)
n ).
Definition 6.9. The second kind of D-generalized maps, with colored edges, is defined as
• D sets of darts D1, . . . ,DD. For c ∈ {1, . . . , D}, the set Dc has darts of color c.
• D involutions without fixed points α1, . . . , αD, which assemble the darts into colored edges.
• For every c ∈ {1, . . . , D − 1}, a permutation Σc,c+1 on Dc ∪ Dc+1 such that the map
(Dc ∪ Dc+1,Σc,c+1, αc ∪ αc+1)
is planar (it has vanishing genus (6.1)).
• For 2 ≤ c ≤ D− 1, the restriction of Σc,c+1 to Dc coincides with the explosion of Σc−1,c by Dc, and
we denote it by Σc. We extend this notation for Σ1 = Σ1,2|D1 and ΣD = ΣD−1,D exploded by DD.
For 1 ≤ c ≤ D, the map (Dc,Σc, αc) must be a tree.
This definition uses the explosion of Σc−1,c by Dc, defined similarly as above. We illustrate it on an
example: if γ = (a1, a2, b1, b2, b3, a3, b4, b5, a4) is a cycle of Σc−1,c where the ai are in Dc−1 and the bi in
Dc, the disjoint cycles (b1, b2, b3), (b4, b5) obtained by splitting γ along the ai are disjoint cycles of the
explosion of Σc−1,c by Dc.
6.5 Review on existing generalizations of maps in “higher dimensions”
6.5.1 Colored triangulations
Colored triangulations areD-dimensional simplicial pseudo-complexes formed by consideringD-simplices
whose vertices are colored from 0 to D (in this section, by “triangulation” we always mean D-dimensional
triangulation). Such triangulations appear in the topology (see [38] for a survey) and combinatorial (see
e.g. [10, 22]) literature, and in the context of random tensor models [42, 43].
To glue two D-simplices along two (D − 1)-simplices, one has to match the colors of the incident
vertices. This means that the information on the triangulation is fully encoded in its dual graph, which
has a vertex for each D-simplex, and an edge of color c ∈ {0, . . . , D} between two vertices if they are
glued along their (D − 1)-simplices that are not incident to the vertex of color c. A triangulation is
orientable iff its dual graph is bipartite. The dual graphs of orientable colored triangulations are therefore
(D+1)-regular, properly-edge-colored bipartite graphs. For triangulations with black and white simplices
each labeled from 1 to n, we encode such a graph as a (D + 1)-uplet of permutations (ρ0, . . . , ρD) acting
on the n white vertices, so that ρc(k) = p iff an edge of color c goes between the white vertex k and the
black vertex p. One can always fix ρ0 to be the identity, in which case only D permutations are required.
Note that there is a bijection [13, 12, 58] between orientable colored triangulations labeled this way
and so-called (D + 1)-constellations [15] (but without any assumption on the genus of the constellation),
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encoded the same way using a (D+1)-uplet of permutations (ρ0, . . . , ρD). The latter are maps with white
vertices labeled from 1 to n each with half-edges of each one of the (D + 1) colors, and vertices of color
c for c ∈ {0, . . . , D}, given by the disjoint cycles of ρc. A slight modification of this mapping provides a
bijection between D-dimensional colored triangulations rooted on a (D−1)-simplex and D-constellations
encoded by a D-uplet of permutations (ρ1, . . . , ρD) [58, 39].
6.5.2 D-G-maps and D-maps
In the constructions by Lienhardt [57], two generalizations of maps are defined on a set of darts D.
The notion of D-G-map is suited for orientable or non-orientable topological spaces. A D-G-map without
boundary is defined by a (D + 2)-uplet (D, α0, . . . , αD), where the αi are involutions on D without fixed
points. In addition, for 0 ≤ i ≤ D − 2 and i + 2 ≤ j ≤ D, αiαj is also an involution. The involution α0
gathers the darts into edges, α1 groups edges into vertices of valency 2, thus forming faces, α2 groups pairs
of edges together thus gluing faces, and so on. When two darts are identified by α2, the other two-darts
of the edges they belong to, must also be paired by α2, so that α0α2 is an involution, and so on.
A D-map is defined similarly as a (D + 1)-uple (D, α0, . . . , αD−1), where for 1 ≤ i ≤ D − 2, αi is an
involution on D without fixed point, αD−1 is a permutation on D, and for 0 ≤ i < i + 2 < j ≤ D − 1,
αiαj is an involution. D-maps are suited to describe oriented spaces.
6.5.3 Remarks on the various notions of generalized maps
The notion of D-generalized maps we introduced in Defi. 6.8 has in common with the other notions
reviewed above, their encodings by D or (D+1)-uplets of permutations, with different types of constraints
(both in the case of colored triangulations and D-maps, we have encodings by D-uplet as well as (D+ 1)-
uplets of permutations). As mentioned in Sec. 1.4 of the introduction, the issue in trying to obtain
interesting asymptotic objects as limits of random generalized maps in the case of Sections 6.5.1 and 6.5.2
is to find a suitable criterion of selection for generalized maps such that uniform generalized maps in the
corresponding subset have interesting asymptotic properties. Indeed, as mentioned in the introduction:
− Maximizing the discrete Regge curvature for triangulations with n D-simplices and with edges of unit
length, which is the natural approach in discrete quantum gravity, leads to the CRT in the continuum.
− Considering all random colored triangulations with D+ 1 permutations taken uniformly, the diameter
is a.s. bounded when the number of D-simplices goes to infinity [19]. This is also the case, at least
numerically, for all random triangulations of the sphere [6, 76]. These cases correspond to the so-called
“crumpled phase” in physics, for which most likely no scaling limit can be defined. This is also to
be expected for uniform 3-maps or 3-G-maps without any restrictions or for uniform 3-maps or 3-
G-maps representing the 3-sphere. Similarly, it is natural to conjecture that uniform random maps
whose genus grows linearly with the number of faces (in expectation, [19]) have a diameter that grows
asymptotically logarithmically, because of their hyperbolic behavior [17].
− There are ways to restrict the set of colored D-dimensional triangulations that should lead to the
Brownian map as a scaling limit (see the footnote 3).
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But so far, there are no selection criteria for the generalized maps of Sections 6.5.1 and 6.5.2 that may lead
to new scaling limits. On the other hand, although we do not have a representation of the iterated random
discrete feuilletages as gluings of elementary D-dimensional volumes, we do have the convergence to the
iterated random continuous feuilletages, which are possible candidates to play the role of the Brownian
map in higher dimensions. A possible line of research in this direction would be to search for models of
D-dimensional triangulations, for instance, that possess an encoding as D-uplets of nested non-crossing
partitions.
7 Simulation of large discrete feuilletages
To simulate the Dth discrete snake BSn[D] and then Rn[D], we need:
(1) an initial Dyck path with 2n steps,
(2) to sample the label process `
(1)
n ,
(3) to associate the height process H
(2)
n ,
and then the iteration will create for each j in J2, DK the subsequent object (a Dyck path with size 4n,
label process of size 4n,...), with a size doubling at each iteration. Some additional processes encoding the
first corner of each node for each tree are also needed to compute the final map, in which all identifications
need to be done. This provides two types of problems for the simulation:
– Imagine that n = 108 and D = 5 say, we need to sample about 20 processes whose lengths vary from
2 × n to 25 × n. This is really time consuming, but can be done on a standard personal computer
in few minutes (around 30 min. for this size, with a C program), by freeing the memory as soon as
possible during the construction.
– The random tree has a natural scale n1/2, random maps n1/4, and, we hope Rn[3] to have diameter
n1/8 (in any case it is an upper bound). For D = 3 and n = 108, n1/2
D
= 10 (see the simulation
Fig. 14). Hence, the diameter of Rn[D] is expected to be around a small number of dozens. If one
wants to have a diameter, say 10 times greater, the size n has to be taken 108 times larger. For
current computers, it is absolutely out of question to simulate an object with 1016 nodes iterated
3 times: millions of GB would be needed to store the data. We made some simulations presented
below (with maximum size 250 × 106, and D = 3) for which we will see that the natural scaling
n1/2
D
and the size of the balls B(r) around a random node which should be at least r2
D
(which
should reflect the asymptotic Hausdorff dimension) are not apparent yet at this size.
The profile of a Rn[D] is the sequence (q(i), i ≥ 0), where q(i) is the number of nodes at dis-
tance i (for the graph distance) from the root vertex. In Figure 25, two thousands Rn[D] of each size
(500k, 5M, 50M, 250M) have been simulated for D going from 2 (first picture, corresponding to unif. quad-
rangulations) to 4 (last picture). For each size and each D, the profile has been computed, and the mean
profile (over the two thousands sampled objects) have been taken. For D the iteration index and n the
size, the profile has been normalized in abscissa as follows:q
(
i/n1/2
D
)
n1−1/2D
, i ≥ 0
 .
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Figure 25: Simulation of the mean profile of Rn[D] (for D = 2, 3 and 4) and the sizes n are given in the
upper right corner of each picture.
The convergence of the mean profile is expected for this normalization, or for a smaller normalization
(since the profile could be smaller than n1/2
D
for D > 2). If on the first picture, one perceives some
stabilizations, on the second and third ones, the mass still moves a lot when the size increases.
In Fig. 25, for the same statistical groups as those of Fig. 25, we have computed the mean number Nr
of elements in the ball of radius r around the root vertex for D = 2, 3 and 4, and for the sizes given in
the legends. We plot
log(Nr)/ log((r + 1)).
This quantity has been shown to be of order 4 in the first case (see Chassaing & Durhuus [23]) and it is
excepted to be resp. at least 8 and 16 in the two next ones. In Figure 26 picture 2 and 3, the growth of
the maximum of log(Nr)/ log((r + 1)) is apparent but even with the size 250× 106, it is absolutely clear
that we are still very far from 8 and 16, which are lower bounds on the asymptotic regime.
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Figure 26: Simulation of the mean size of balls of radius r (in abscissa), in Rn[D] (for D = 2, 3 and 4).
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